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THIS COMPREHENSIVE INDEX covers the terms and concepts of An 
Introduction to Metalogic, by Aladdin M. Yaqub, and was prepared by him.  

 
 

Addition, 12, 90, 189, 213 
 function (A), 90–91, 100, 189, 200–03, 213, 215, 218, 225 
  is defined in terms of the successor function, 215 
  Inductive definition of, 215, 225 
  is not a basic recursive function, 213 
  Precise recursive definition of, 218 
  A single value for, 90 
  TA is a Turing machine that computes, 200–03 
  is a total function from ℕ2 onto ℕ, 189 
  Two arguments for, 90 
 Standard mathematical symbol for (+), 12, 215 
Addition (rule of inference; Add), 53, 61–62 
 is sound, 61 
 is truth-preserving, 61 
Algebra, 90, 209 
Algorithm, 200, 218–20 
Analytic geometry, 273 
Anti-diagonal number, 107 
Arbitrary object, 32 
Arbitrary-object proof, 32–33, 37 
Argument, 31–32, 34, 42, 185, 256–57, 259, 269, 278 
 Conclusion of, 31, 33–34, 165 
 Demonstrative, 205 
 by inference to the best explanation, 205 
 Invalid, xiv, 33–34, 41, 165, 185, 257 
 Premises of, 32–34, 165 
  Set of, 165 
 Probabilistic, 205 
 Second-order, 257–59 
  Valid, 259 
 Semantical, 269 
  with infinitely many premises, 269–70 
 Valid, xiv, 31–34, 41–42, 67, 84, 165, 185, 257, 259 
  its conclusion is derivable from the set of its premises, 84 
 valid in PL is valid in NL (see also Number Logic), 185 
Arithmetic ThAV(N), 90, 103, 209, 224, 227, 243, 249–50, 263–65, 271–72, 282–83, 289 
 is non-axiomatizable, xiv, 227, 249–50 
 is not 0-categorical, 243, 289 
 a number theory is an axiomatizable AV theory of which N is a model, 250, 254 
  no number theory is complete, 250 
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 Peano Arithmetic is a proper subset of, 227, 250, 280 
  the concept of arithmetical truth that is definable in Peano Arithmetic, 250–52, 282 
   an arithmetical truth is an AV sentence that is true on N, 250–52, 282 
  the set of the gödel numbers of the members of ThAV(N) is representable neither in ThAV(N) 

nor in Th(PA), 250 
  a weaker condition for definability: a formula true[x] defines arithmetical truth only if it 

satisfies TS, 250–52 
   ‘TS’ is an abbreviation for the “Tarskian Schema,” 251 
   TS: for every AV sentence X, PA |– true[k]X, where k = [X], 251 
   TS is a formalization of Convention-T, 251 
   Tarski proposed Convention-T as a condition for the adequacy of any definition of truth, 

251 
 is the PL theory that consists of all AV sentences that are true on N, 227, 243, 245, 250, 282, 287, 

289 
  it is a consistent and complete AV theory, 227, 245, 249–50, 283 
   ThAV(N) is satisfiable, 283, 288 
  a consistent extension of Th(PA) is a consistent AV theory that includes Th(PA), 248, 250 
   ThAV(N) is a consistent extension of Th(PA), 248 
  every consistent extension of Th(PA) is undecidable, 227, 248 
   ThAV(N) is undecidable, 227, 248, 272 
  the Gödel Sentence GPA  ThAV(N), 227, 243–45, 280 
  a PL theory that is complete and axiomatizable is decidable, 227, 248 
  since ThAV(N) is complete and undecidable, it is not axiomatizable, 227, 249, 250 
 Robinson Arithmetic Th(RA) is a proper subset of ThAV(N) and of Th(PA), 253–54 
  the RA axioms are 252–54 
  the set RA is adequate for representing all recursive functions, 252–54 
  Th(RA) is incomplete and undecidable, 254, 257 
 Standard interpretation of (N), 224–25, 241, 243, 250, 254, 260, 262–63, 266, 269, 280–83, 288–89. 
 Transfinite, 103 
  is of cardinalities of actual infinities, 103 
Arithmetical truths, 
 are AV sentences that are true on N, 250–52, 282 
 the concept of arithmetical truth that is definable in Peano Arithmetic, 250 
  the set of the gödel numbers of the members of ThAV(N) is representable neither in ThAV(N) 

nor in Th(PA), 250 
  a weaker condition for definability: a formula true[x] defines arithmetical truth only if it 

satisfies TS, 250–52 
   ‘TS’ is an abbreviation for the “Tarskian Schema,” 251 
   TS: for every AV sentence X, PA |– true[k]X, where k = [X], 251 
   TS is a formalization of Convention-T, 251 
   Tarski proposed Convention-T as a condition for the adequacy of any definition of truth, 

251 
 It is impossible to delimit a decidable set of arithmetical axioms that are adequate for proving 

all and only, 249 
Arithmetization of effective procedures, 190 
 arithmetization of SL ‘sentencehood’, 192 
 arithmetizing the effective procedure that generates SL sentences, 190 
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 basic numerical codes assigned to basic SL vocabulary, 190–91 
 basic numerical codes of SL sentence letters are the prime numbers after 7, 191 
 decoding numbers into their corresponding symbols, 191 
 numerical code of an SL sentence ([X]), 191–92 
 numerical codes for basic SL vocabulary are all the prime numbers, 191 
 numerical codes of SL compound sentences are composite numbers, 191 
 powers of prime numbers are the numerical codes of SL expressions, 191 
 a prime number is decoded, and a composite number is prime-factored, 191 
 prime numbers are placeholders for the symbols, 191 
 SENTSL consists of the numerical codes of all SL sentences, 192 
 SENTSL is decidable, 192 
 SENTSL is the numerical counterpart of SentSL, 192 
 SentSL is the set of all SL sentences, 190 
  SentSL is decidable, 192 
Arithmetization of PL metatheory,174 
 there are effective procedures for encoding PL terms, formulas, sentences, and sequences of PL 

sentences into natural numbers, 174 
Arithmetization of Th(PA) metatheory, 231–35, 280 
 is the 2nd major component of the proof of the First Incompleteness Theorem, 231 
 AFORM is the arithmetical analogue of the set of all AV atomic formulas, 233 
 AFORM consists of the gödel numbers of all AV atomic formulas, 233 
 AFORM is a recursive set, 233 
 AFORM is represented in Th(PA) by an AV formula aform[x], 233 
 arithmetization of PA proofs, 235–38, 285 
  conclusions of PA proofs, 235–36 
  encoding procedures for the various AV syntactical categories and PA proofs ensure that 

every item receives a unique numerical code, 235 
   these procedures and their associate decoding procedures are effective, 235 
   sequences of AV sentences can also be encoded into gödel numbers, 235 
  a PA proof is a finite sequence D of AV sentences, 235–36 
  a PA proof is a PL derivation D of an AV sentence X from PA, 235–36, 238, 243–44, 248, 253, 

272, 277–78, 283, 286 
   every sentence in D is either a PA axiom or is introduced by an MDS rule, 235–36 
   the terminal sentence of D is X, 236, 256 
  PROOF is the arithmetical analogue of the set of all PA proofs of AV sentences, 235, 283, 285 
   m, k  PROOF iff m is the gödel number of an AV sentence X and k is the gödel number 

of a PA proof of X, 235, 272 
  PROOF can be constructed directly as an arithmetical relation, 237 
  PROOF, in this case, can be proved to be recursive without invoking Church’s Thesis, 237 
  PROOF is proved to be recursive by invoking Church’s Thesis, 235, 237 
   there is an effective decision procedure for determining whether D is a PA proof of X or 

not, 235–37 
   this procedure together with the procedure for decoding gödel numbers yield an effective 

decision procedure for determining membership in PROOF, 236 
   therefore, PROOF is decidable, 236 
    by Church’s Thesis, PROOF’s characteristic function is Turing-computable, 236 
  PROOF is a recursive relation, 235, 237, 242, 272 
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  PROOF is represented in Th(PA) by an AV formula proof[x, y], 237–38, 242, 244, 272, 274, 274, 
280, 285 

   if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237, 272 
   since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237, 272 
 arithmetization of PA provability, 237 
  an AV sentence X is provable in Th(PA) iff it is a theorem of PA, 237 
   Th(PA) consists of all AV sentences that are provable in Th(PA), 237 
  PROV is the arithmetical analogue of Th(PA), 237 
  PROV consists of the gödel numbers of all theorems of PA, 237, 246 
   k  PROV iff there is m such that m, k  PROOF, 237 
  PROV’s definition is not an effective decision procedure for membership in PROV, 237 
   the effective procedure for PROV’s membership is only a Yes-procedure, 238 
   the listing function of PROV is computable, 238 
   PROV is not a recursive set but only recursively enumerable, 237–38, 246 
    PROV can be enumerated as an infinite list, 238 
   PROV is not representable in Th(PA), 238, 246 
  prov[y] is defined as (x)proof[x, y], 238, 242, 272, 275, 277, 280 
   if k  PROV, PA |– prov[k], 238 
   PROV’s definition involves an unbounded existential quantifier (“there is m”), 237 
  the unbounded quantifier is the source of the problem: if there is no m, it cannot be known 

that k  PROV, 237 
   if the existential quantifier is bounded, there would be an effective decision procedure for 

membership in PROV, 238 
   in this case, PROV would be decidable, recursive, and representable in Th(PA), 238 
   in PROV’s definition the existential quantifier is essentially unbounded, 238 
 arithmetization of the syntax of Peano Arithmetic, 232–35 
  1st stage is the arithmetization of the category of AV terms, 232–33 
  2nd stage is the arithmetization of the category of AV atomic formulas, 233 
  3rd stage is the arithmetization of the category of AV formulas, 233–34 
  4th stage is the arithmetization of the category of AV sentences, 234–35 
  5th stage is the arithmetization of the category of PA proofs, 235 
 AV formulas are constructed from the atomic ones by finite applications of the negation, 

conditional, and quantifier formation rules, 233–34 
 in decoding gödel numbers, all even powers of prime numbers are prime-factored, 233 
 in decoding gödel numbers, when prime factorization halts, the basic numbers are decoded, 

233 
 determining whether a number is the gödel number of an AV term is an effective decision 

procedure, 233 
 encoding and decoding procedures of AV terms are effective, 232–33 
  examples of encoding and decoding AV terms, 233 
 encoding the metatheory in N, 231–32 
  is based on encoding the syntax of Th(PA) into numerical codes, 232 
  the codes are called basic numbers and gödel numbers, 232–33 
   basic numbers are the codes of AV basic vocabulary 231–32 
   basic numbers are the odd natural numbers, 232 
   gödel numbers are even numbers, 233, 235 
   if  is an AV expression, its basic or gödel number is [], 232 
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 Examples illustrating, 233–35 
 FORM is the arithmetical analogue of the set of all AV formulas, 234 
 FORM consists of the gödel numbers of all AV formulas, 234 
 FORM is a recursive set, 234 
 hence, FORM is represented in Th(PA) by an AV formula form[x], 234 
 large portion of Th(PA) metatheory can be mirrored in N, 231–32 
  AV is encoded into numerical codes, 231 
  numerical analogues are constructed that mirror sets and relations of the metatheory, 231 
   many of these analogues are recursive; hence they are representable in Th(PA), 231–34 
 representing the syntax of Th(PA) within Th(PA) via a 2-stage process, 234–35 
  1st stage: arithmetizing the syntax of Th(PA) into N, 234 
  2nd stage: representing arithmetical analogues of AV categories into Th(PA), 234 
  through this 2-stage process Th(PA) is made to “speak” about itself, 234–35 
   example of this phenomenon, 235 
 SENT is the arithmetical analogue of the set of all AV sentences, 234–35 
  an AV sentences is an AV formula that contains no free variables, 234 
  SENT  FORM 234 
 SENT consists of the gödel numbers of all AV sentences, 234 
  the construction of SENT, 234 
 SENT is a recursive set, 234 
 hence, SENT is represented in Th(PA) by an AV formula sent[x], 234–35 
 sets of natural numbers that mirror sets of grammatical AV expressions, 232 
 Several numerical coding systems that are suitable for, 232 
  almost all of them are different from Gödel’s original system, 232 
 TERM is the arithmetical analogue of the set of all AV terms, 232–33 
 TERM consists of the numerical codes of all AV terms, 232 
  these codes are decoded by reversing the encoding procedure, 233 
 TERM is recursive because its characteristic function is recursive, 233 
 TERM is represented in Th(PA) by an AV formula term[x], 233 
  if k  TERM, PA |– term[k], 233 
  metaphorically, PA says: “k is the gödel numbers of one of my terms,” 233 
  Th(PA) is made to “speak” about its own syntax, 233 
   example of this phenomenon, 235 
 Th(PA) can be made to “speak” about its own metatheory, 232 
Artificial intelligence, 193 
Association (rule of inference; Assoc), 58 
Assumption, 34, 42, 51, 56–58, 121, 139, 141–42, 147, 278, 282 
Asymmetry, 74, 76, 133 
Axiom(s), xii, 172–73, 235–36, 240, 248–49, 252–54, 260, 264, 281, 285 
 Arithmetical, 90, 223–24, 249, 286 
 Euclidean, 172 
 of First-Order Peano Arithmetic (see also Peano Axioms; PA), 223–24, 236, 240, 249, 252–53, 260 
 invoked in a proof, 173 
 Schema, 224–25 
  generates infinitely many axioms, 224 
 of Second-Order Peano Arithmetic (PA2), 260. 264. 266. 268–69 
 Set of (see also PL theory), 172–73, 223 
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  Decidable, 173, 236, 248–49 
  There is an effective decision procedure for determining membership in, 173, 236 
  Finite, 172, 188 
  Infinite, 172, 223 
 of set theory, 178–79 
  entail the existence of uncountable sets, 178–79 
  are infinitely many, 178 
Axiom of Choice, 94, 178 
Axiomatic method, 249, 264–65 
 Limitations of, 249, 265 
  it is impossible to delimit a decidable set of arithmetical axioms that are adequate for proving 

all and only the AV sentences that are true on N, 249 
Axiomatic system, 172, 227 
 is a PL theory whose members are logical consequences of a set of axioms, 172 
 a PL theory whose members are theorems of a set of axioms, 172 
Axiomatizability, xiv–xv, 173, 175, 250 
 for a consistent PL theory, the triad of completeness, axiomatizability, and undecidability is 

inconsistent, 175, 250 
Baldassano, Claudia, xvi 
Basic number, 232–35 
Bernays, Paul 273–74 
Biconditional (, ), 5, 8, 18–19, 24, 45, 88, 93, 112, 114, 251 
 Contradictory, 251 
 Truth conditions of (see also truth conditions), 22, 88, 244 
 Truth table for, 24, 112 
Biconditional (rule of inference; Bc), 59, 279, 287 
Biconditional Elimination (E), 63, 116 
 is the traditional rule Biconditional Modus Ponens (BcMP), 63 
Biconditional Introduction (I), 63, 116 
 is a hypothetical rule, 63 
Biconditional Modus Ponens (rule of inference; BcMP), 54, 63, 242, 246, 275–76, 287 
Biconditional Modus Tollens (rule of inference; BcMT), 54, 243, 246, 286 
Bivalence, 12 
Blank, 2–4, 92 
 can be filled by a numeral, 92 
Block(s), 49, 51–52, 57, 139, 141, 269 
 0- (main), 51, 139 
  All non-0-blocks are subblocks of, 51 
  closes at the conclusion of the derivation, 51 
  encloses the main derivation, 51 
 Closed, 49, 140 
 can be closed only if all its subblocks are closed, 51, 139 
 Conditional Proof (CP), 51, 141, 236 
  its inference is made when it is closed, 141 
  is initiated by introducing the CP Assumption, 141, 236 
  Last line of, 51, 141 
 First line of, 49 
 Last line of, 49 
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 Main, 82 
 Nested, 51 
  are stacks, 51 
 Open, 49, 140–43, 269 
 Reductio Ad Absurdum (RAA), 141 
  is exited by discharging the Reductio Assumption, 141 
  is initiated by introducing the Reductio Assumption, 141 
 rules, 147 
Cantor, Georg, 102–06 
Cantor’s Diagonal Argument, xiv, 106 
 establishes that ℝ is uncountable, 106–07 
Cantor’s Theorem, xiv, 104–05 
 states that card(PA) > card(A), 104 
Cardinal numbers (se also cardinalities and set), 101 
 Theory of, 101 
Cardinalities (see also set), xiv, 21–22, 103, 137, 181–82 
 Countable, 182 
  are less than or equal to 0, 182 
 Infinite, 21, 104–05, 182 
  are greater than or equal to 0, 103 
  Theory of, 103 
 there are infinitely many cardinalities greater than 0, 103 
 less than 0 are finite, 103 
 Relation of greater-than (>) between, 102, 104–05, 107, 181 
 Relation of greater-than or equal-to (≥) between, 102, 104, 106 
 Relation of identity (=) between, 101 
 Relation of less-than (<) between, 101–02 
 Relation of less-than or equal-to (≤) between, 102, 104 
 Transfinite, 103 
 Uncountable, 105 
  are greater than 0, 105 
Cartesian product AB, 96, 98, 125, 132 
 if A and B can be well-ordered, AB can be well-ordered, 125, 132 
 Lexicographical ordering is well-ordering of, 133 
 Linear ordering of, 132–33 
 Well-founded relation on, 133 
Categorical PL set, 176 
 is such that all its models are isomorphic with respect to its vocabulary, 176 
 0-, 176, 289 
  Arithmetic ThAV(N) is not, 243, 289 
  Peano Arithmetic Th(PA) is not, 243, 289 
 -, 176 
 Every incomplete consistent PL theory is not, 243 
 Every inconsistent PL set is, 176 
 No PL theory that is “sufficiently strong” is, 176 
 Satisfiable, 176, 262 
  defines the structure of its models relative to its vocabulary, 176, 262 
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   the corresponding constituents of its models exhibit the same structure, 262 
Categoricity, xv, 176, 260, 262 
 Second-Order Peano Arithmetic Th(PA2) is categorical, xv, 260, 262 
Characteristic function (see also decidable set), 205–06, 208–09, 217, 219, 222, 231, 233, 236, 247 
 D  ℕn is representable in Th(PA) iff its characteristic function is representable in Th(PA), 231 
 if K  ℕn, the characteristic function of K is a total numerical function K that assigns 1 to every 

mሬሬሬ⃑   K, and 0 otherwise, 205–06 
  K is decidable iff its characteristic function is computable, 206, 208–09 
 of the relation of identity (=) between natural numbers (=), 219 
  = is a recursive function, 219 
 of the relation “less–than or equal-to” (≤) between natural numbers (≤), 219 
  ≤ is a recursive function, 219 
 a set whose characteristic function is recursive is called “recursive,” 208, 233 
Choice set, 124, 128–29, 178 
 Every nonempty finite pairwise disjoint family of nonempty sets has, 124 
Church, Alonzo, 204 
Church’s Thesis, xiv, 204–06, 209, 211, 213, 235–37, 247 
 all known computable functions are Turing-computable, 205 
 any definition of computability is another formalization of it, 205 
 asserts that the class of computable numerical functions is identical with the class of Turing-

computable functions, 204–05 
 There is no known counterexample to, 205 
 the only possible proof of the Thesis is to prove that the different formalizations of 

computability are equivalent, 205 
 Turing-computable functions are equivalent to partial recursive functions, 205 
 Turing machines are idealized devices that have no limits on hardware, inputs or outputs, 

instruction set, and computation time, 205 
 is unprovable, 205 
Church’s Undecidability Theorem, xi, xiv, 174, 252–55, 281 
 any proof of the Representability Theorem would invoke finitely many PA axioms, 252 
  the set of these finitely many PA axioms is called Q, 252 
   hence, Q is adequate for representing all recursive functions, 252, 255 
    C is the conjunction of the members of Q, 255 
  the set of Robinson’s axioms RA is finite and also adequate for representing all recursive 

functions, 252 
 Proof of, 254–55 
  requires either the finite set Q or the finite set RA, 254–55 
   either set is sufficient for establishing Church’s Undecidability Theorem, 254 
 the proof is based on the existence of a finitely axiomatizable PL theory in which all recursive 

functions are representable, 254–55 
  there are other proofs of Church’s Theorem that are not based on any finitely axiomatizable 

PL theory, 254 
 states that Th() is undecidable, 174, 254–55 
 Th() is the set of all PL logical theorems, 254–55 
 Th() is the set of all valid PL sentences, 254–55 
  the set of all AV sentences is decidable, 255 
   for every AV sentence X, X  Th(Q) iff C |– X, 255 
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   for every AV sentence X, X  Th(Q) iff CX  Th(), 255 
 Th(Q) is a consistent PL theory in which all recursive functions are representable, 254–55 
 hence, Th(Q) is undecidable, 255 
 if Th() is decidable, Th(Q) is decidable, 255 
 therefore, Th() is undecidable, 254–55 
  Th() is semidecidable, 255–56 
   for every X in Th(), there is a PL derivation of X from , 255 
   LD is the set of all PL derivations from , 255 
    LD is decidable, 255 
   the procedure for determining membership in Th() is only an effective Yes-procedure, 

256 
Circular reasoning, 89 
 Benign, 89 
Classical logic, 24, 60–61, 174, 251 
 Laws of, 251 
 Systems of, 88 
Cognitive Science, xii, 204 
Colon (:), 16 
 indicates identity in the metalanguage, 16 
Commutation (rule of inference; Com), 58 
Compactness Theorem, xi, xiv, 164–67, 182, 186–87, 265–68 
 asserts that if X is a logical consequence of , X is a logical consequence of a finite subset of , 

164, 167, 265–66 
 is a corollary of the Soundness and Completeness Theorems, 164, 265–66 
 is equivalent to the Finite-Satisfiability Theorem, 164 
 fails for PL2, 265–66, 268 
 Generic proof of, 164, 186–87, 265–66 
 holds for any logical system with sound and complete proof theory whose derivations are finite 

sequences, 186–87, 265–66 
 Philosophical implication of, 165 
  concerns an argument that cannot be translated faithfully into PL, 165 
 Proof of, 164–67, 265–66 
Complement of B in A (A–B), 96, 134–35, 181, 208, 282 
 complement of K in ℕn, 208 
 consists of the elements contained in A but not in B, 96, 208 
Complete PL set , 169–72, 174–76, 179, 182, 223, 227, 245, 248–50, 263–65, 271, 281, 283 
 is such that all its models are elementarily equivalent with respect to its vocabulary, 175–76, 179 
 Arithmetic ThAV(N) is, 227, 249 
 for a consistent PL theory, the triad of completeness, axiomatizability, and undecidability is 

inconsistent, 175, 250 
 every complete axiomatizable PL theory is decidable, 174, 223, 248, 250 
 is such that for every X composed of Voc(), either  |= X or  |= X, 171, 223 
 is such that for every X composed of Voc(), either  |– X or  |– X, 169–70, 172, 223, 227 
 Since Th(PA) |–/  GPA and Th(PA) |–/  GPA, Th(PA) is not, 243, 245 
Completeness Theorem, xi, xiii-xiv, 43–45, 59, 88, 109, 115, 139, 144, 147–48, 157, 164, 169, 177, 182 
 asserts that all logical consequences of a PL set are derivable from it, 143, 146 
 asserts that every consistent PL set has a model, 147–48, 161 
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 Henkin’s proof of, 144, 157, 177, 182 
  Constructing a Henkin Model is the second central idea of, 157 
  Constructing a Henkin set is the first central idea of, 157 
  entails that every consistent PL set has a countable model, 177 
 the identity predicate (=) is included in the second stage of constructing a Henkin Model, 161, 

164, 177 
 the identity predicate (=) is not included in the first stage of constructing a Henkin Model, 157, 

161, 177 
Complex number(s), 178, 273 
 Set of all (ℂ), 178 
  is uncountable, 178 
Complexity of a sentence, 92–93, 127–28, 135–36, 159–61, 169, 182–83 
Composite numbers, 191–92 
 Numerical codes of SL compound sentences are, 191 
 are prime-factored, and prime numbers are decoded, 191 
Comprehension scheme, 97–98 
Computability, xii-xiii, 189, 193, 205 
 Formalization(s) of, 205 
  are all proved to be equivalent, 205 
  Church’s -calculus is, 205 
  Partial recursion is, 205 
  Turing-computability is, 205 
 is an informal concept that has no precise definition, 205 
 theory, xiv 
Computable function, xii-xiv, 189–90, 193, 204–09 
 Algorithmically, 204  
 can be computed by a mechanical procedure (see also procedure), 204 
 The book presents two formalizations of, 190, 209 
 There is an effective procedure that computes the values of, 204, 209 
 Effectively, 204 
 F from ℕn into ℕk is computable iff there is a Turing machine TF such that TF(mሬሬሬ⃑ ) = [F(mሬሬሬ⃑ )] when 

mሬሬሬ⃑   dom(F), and TF(mሬሬሬ⃑ ) does not halt otherwise, 206, 209 
 [F(mሬሬሬ⃑ )] is the numerical code of F(mሬሬሬ⃑ ), 206 
 is an informal and intuitive notion, 204 
 Mechanically, 204 
 It is a philosophical question whether Turing-computable function captures the notion of, 204 
Computable numerical function, xiv, 189–90, 192–93, 206–07, 209, 213, 247 
 when applied to its argument it returns its value via a mechanical computational procedure, 

190 
 its arguments are n-tuples of natural numbers and its values are single natural numbers, 189 
 its concept is informal and intuitive, 213 
 conceptually replaces the notion of effective procedure, 190 
  but not all effective procedures are arithmetical, 190 
   constructing truth tables is an effective procedure that is not arithmetical, 190 
   it is believed that all effective procedures can be arithmetized, 190 
 F is from ℕ into ℕ such that F(n) = 1 if n is a numerical code of an SL sentence, and F(n) = 0 

otherwise, 192 
  F is a computable numerical function, 192 
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 First approach for formalizing, 193–203, 209 
  is due to Alan Turing, 193, 209 
 Known formalizations of, 205 
  are all proven equivalent, 205 
 Partial, 189–90, 203, 206 
  assigns to every argument at most one value, 189, 203 
 Second approach for formalizing, 193, 213 
  is due to Kurt Gödel, 193 
 Total, 189–90, 203, 206–07 
  assigns to every argument exactly one value, 189, 203, 206 
  is technically a partial function, 189–90, 203 
Computation time, 190, 193, 207 
 is measured by some finite unit , 207 
  it is possible to “run a Turing machine for a number of units,” 207 
Computational theory of the mind, 193, 204 
 implies that mental processes are computational processes, 204 
Computer Science, xii, xv 
Computing machine, 190, 193 
Concept(s), 41, 97, 189, 208, 223, 256–57 
 of actual infinity, 178 
  is emergent in PL, and may be based on three finite concepts, 178 
 Decidable, xii, 40, 173, 189, 256 
  its applicability is determined by an effective decision procedure, 173, 256 
 Existential, 41 
  its denial is a universal concept, 41 
 Extension of, 97 
 Informal and intuitive, 205, 213 
 of representability in Th(PA) (see also representability in Peano Arithmetic), 229 
 Semidecidable, 41, 173, 189, 256 
  its applicability is determined only by an effective Yes-procedure, 173, 256 
 Set-theoretic, 94 
 is the thing that is designated by a well-defined predicate, 97 
 of the uncountable is indefinable in PL, 178 
  there is no PL sentence whose models are all uncountable, 178 
 Universal, 41–42 
  its denial is an existential concept, 41 
 Well-defined predicate designates, 97 
Conditional Elimination (E), 62–63, 116 
 is the traditional rule Modus Ponens (MP), 62 
Conditional Introduction (I), 62–63, 115 
 is the traditional rule Conditional Proof (CP), 62 
Conditional Proof (rule of inference; CP), 50–52, 57, 62–63, 115–16, 141, 236, 241, 253–54, 279, 287 
 assumption (CPA), 50–51, 57, 141, 236, 254, 287 
  is discharged when the CP block is closed, 141 
 Conclusion of, 51–52, 141, 254 
Conjunct(s), 8, 145, 187 
Conjunction (, &, ), 5, 8, 88, 93, 111, 113, 137, 178, 184, 187, 255, 266–67, 285 
 Infinite, 126 



 12

 Repeated, 184, 187 
 Truth conditions of (see also truth conditions), 22, 59, 88 
 Truth table for, 24, 111 
Conjunction (rule of inference; Conj), 52, 62 
 Soundness of, 59 
Conjunction Elimination (E), 62, 115–16 
 is the traditional rule Simplification (Simp), 62 
Conjunction Introduction (I), 62, 115–16 
 is the traditional rule Conjunction (Conj), 62 
Connective. See sentential connective. 
Connexity, 133 
Consistency, 17, 36, 151, 153, 241–43, 246–49, 252, 272–76, 278, 280–81, 285–86 
 - (see also PL set), 241–43, 281–83, 285–86 
  entails consistency, but the converse is false, 231–42, 286 
  a proof that if  is inconsistent, it is -inconsistent, 242 
  there are sets that are consistent but not -consistent, 281, 285–86 
 there is an -consistent extension of Th(RA) of which N is not a model, 282 
 of PA, 272–76, 278 
  Hilbert wanted to give a finitary proof for, 272–75 
   that is, a finitary proof showing that 0 = 1 is not a theorem of PA, 273 
 PA{GPA} (PA+) is a consistent set but -inconsistent, 281, 285 
  if PA+ is inconsistent, PA |– GPA, contradicting the First Incompleteness Theorem, 285 
   hence, PA+ is consistent, 285 
   PROOF is the arithmetical analogue of all PA proofs of AV sentences, 283, 285 
   PROOF is represented in Th(PA) by an AV formula proof[x, y], 285 
  PA+ |– proof[n, g] for each n, where g = [GPA], 285 
  PA+ |– GPA(x)proof[x, g], 286 
  since PA+ |– GPA, PA+ |– (x)proof[x, g], 286 
  hence, PA+ is -inconsistent, 286 
 The Rosser sentence RPA of PA is neither provable nor disprovable in Th(RA), even without the 

assumption of -consistency, 282–83 
 the Second Incompleteness Theorem asserts informally that if PA is consistent, it is impossible 

to prove its consistency from PA, 272, 275 
  CONs is defined as prov[c], where c is the gödel number of “0 = 1,” 276 
  CONs says “0 = 1 is not provable from PA,” 276 
  CONs says “PA is consistent,” 276 
  CONs is the standard PA consistency sentence, 276 
 the Second Incompleteness Theorem’s first proof establishes: If PA is consistent, PA |–/  CONs, 

275–76 
  since PA has a model, it is consistent, 225, 276 
  therefore, PA |–/  CONs, 276 
  prov0 = 1 is a PA consistency sentence, 278 
  it says “0 = 1 is not provable from PA,” 278 
  it says “PA is consistent,” 278 
 the Second Incompleteness Theorem’s second proof establishes: If PA is consistent, PA |–/  

prov0 = 1, 276–80 
  PA is consistent, 280 
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  therefore, PA |–/  prov0 = 1, 280 
  prov0 = 1 is true on N but is not a PA theorem, 280 
 second proof makes no use of the fact that prov[y] is a provability predicate, 280 
 the structure N is not a model of any AV theory  that is -inconsistent, 281, 286 
   |– H[n] for each n, and  |– (x)H[x], 286 
  H[n] for each n and (x)H[x]  , 286 
  if N is a model of , H[n] is false on N for each n and (x)H[x] is true on N, 286 
  for some name t, H[t] is true on N, 286 
   the referent of t on N is a number k, 286 
    hence, H[k] is true on N, which yields a contradiction, 286 
    therefore, N is not a model of , 286 
 it is sufficient for the second proof to have Provability Conditions, Diagonalization Lemma, 

and arithmetization of Th(PA) metatheory, 277, 280 
 if T is a consistent PL theory that has these resources, it would fail to prove a sentence 

expressing its consistency, 280 
Consistent set (proof-theoretically), xiii, 38–39, 45, 65, 72, 83, 144, 147–57, 161, 171, 174, 177, 180–

81, 226–27, 237, 241–48, 252, 272–76, 278, 280–81, 285 
 PA{GPA} is -inconsistent but, 281, 286 
 is proof-theoretically a set from which no contradiction is derivable, 144, 147–57, 161, 180, 226–

27, 242 
 is semantically a set that has a model, 144, 148, 171, 237, 280 
Constructive Dilemma (rule of inference; CD), 48–49, 55 
Contingent PL sentence(s), xiv, 36–37, 41, 65, 77, 256 
 The set of all (Contg), 256 
 the set of all contradictory PL sentences is Cont, 256 
 the set of all valid PL sentences is Th(), 174 
 the fact that Th() and Cont are not decidable entails that Contg is not even semidecidable, 256 
  there is no effective decision procedure or effective Yes-procedure for determining 

membership in Contg, 256 
Contradiction, 35–36, 40, 44, 60, 144, 151–52, 226, 242, 273, 275–76, 285 
 is a sentence and its negation, 144, 226, 242, 273 
Contradiction (sentential connective; ), 110, 113–14 
 Truth table for, 110, 113 
Contradictory PL sentence(s), xiv, 35–36, 41, 45, 66, 81, 174, 180–81, 185, 251–52, 256 
 The set of all (Cont), 256 
  The argument for the undecidability of Th() is applicable to, 256 
   hence, Cont is undecidable, 256 
  There is an effective Yes-procedure for determining membership in, 256 
   thus, Cont is semidecidable, 256 
Contraposition (rule of inference; Cont), 59, 180, 242 
 is sound, 180 
Convention-T, 251 
 asserts that any adequate definition of truth must entail all instances of the Tarskian Schema, 

251 
 Tarskian Schema, 251 
  is the collection of all instances of the biconditional form “x is true iff S” where ‘S’ is to be 

replaced by a declarative sentence and ‘x’ by a name of S, 251 
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 if the Tarskian Schema is not restricted, an adequate definition may entail a contradictory 
biconditional, 251 

  a contradictory biconditional can be generated by instantiating the Tarskian Schema for a 
Liar Sentence , 251 

  a Liar Sentence  asserts of itself that it is not true, 251–52 
   the contradictory biconditional is “ is true iff  is not true,” 251 
   laws of classical logic must hold, 251 
   Liar Paradox, 251 
Converse implication (, ), 112, 114 
 Truth table for, 112 
Converse nonimplication (/, ), 112, 114 
 Truth table for, 112 
Corollary (see also Soundness and Completeness Theorems), 45, 88, 164, 170, 172, 179, 231 
Creativity, 190 
Davidson, Donald, 30 
 his philosophical position that the meaning of a sentence is given by its truth conditions, 30 
De Morgan, Augustus, 50 
De Morgan’s Laws (rules of inference; DeM), 50, 58 
Decidability, xiv, 236 
Decidable relation, 208, 217 
 is equivalent to recursive relation, 217 
 R is a decidable relation iff it is a decidable set, 208 
Decidable set, xiv, 41, 173–75, 182, 189–90, 192, 205–06, 208, 217, 225, 247–50, 255–57, 264, 270–71, 

281, 285 
 adding finitely many sentences to the axioms of a decidable theory  yields a decidable theory, 

if the new sentences are composed of Voc(), 281, 284–85  
 Arithmetic is not, 227 
 There are decidable sets such that the collections of all their logical consequences do not form, 

256–57 
  Th(PA) and Th(RA) are undecidable, yet PA and RA are decidable, 256–57 
 For E  ℕn, if E is representable in Th(PA), E is, 281 
 There is an effective decision procedure for determining membership in, 173–75, 189, 225 
 is equivalent to recursive set, 208, 217 
 Every complete axiomatizable PL theory is, 174, 227, 248, 250 
 if  K  ℕn, the characteristic function of K is a total numerical function K that assigns 1 to every 

mሬሬሬ⃑   K, and 0 otherwise, 205–06 
  if K is computable, there is an effective decision procedure for determining membership in 

K, 206 
 K is decidable iff its characteristic function K is computable, 206 
  is a decidable PL set whose vocabulary includes AV: if RA is consistent, Th() is an 

incomplete theory, 281, 285 
  RA is assumed to be consistent, 285 
  Th(RA) is also consistent, 285 
  Th()RA  Th(RA), 285 
  hence, Th()RA is consistent, 285 
  it follows, Th() is undecidable, 285 
   Th() is an axiomatizable theory, 285 
   therefore, Th() is incomplete, 285 
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 Th() is not, 254–56 
 Th(PA) is not, 248 
Dedekind, Richard (see also Peano Arithmetic), 223 
Deduction system (DS), 126, 185, 263 
 any sound deduction system for PL2 is incomplete, 263 
 can be minimal, sound, and complete, 126 
Deductively closed PL set, 149, 153, 156–57, 161, 163–64, 169–70, 172 
 contains all its theorems, 149 
Definability in Peano Arithmetic, 250–51 
 the concept of arithmetical truth that is definable in Peano Arithmetic, 250–51 
  an arithmetical truth is an AV sentence that is true on N, 250, 252 
 the set of the gödel numbers of the members of ThAV(N) is representable neither in ThAV(N) nor 

in Th(PA), 250 
 a weaker condition for definability: a formula true[x] defines arithmetical truth only if it 

satisfies TS, 250–52 
  ‘TS’ is an abbreviation for the “Tarskian Schema,” 251 
  TS: for every AV sentence X, PA |– true[k]X, where k = [X], 251 
  TS is a formalization of Convention-T, 251 
  Tarski proposed Convention-T as a condition on the adequacy of any definition of truth, 251 
  Tarski’s Indefinability Theorem, xi, xiv, xv, 250–52 
   asserts in general that the notion of arithmetical truth is not definable in Peano Arithmetic, 

252 
  one version of the theorem states that there can be no formula true[x] that satisfies TS if PA is 

consistent, 251–52 
   there is another version of the theorem, 252 
The definite article (the), 3 
Definite description, 3–4, 13 
 Non-referring, 4 
 Referring, 4 
Definition, 94, 173, 176, 204–09, 213–17, 219, 226, 228, 230, 237–38, 251–52, 254, 263, 272 
 Inductive, 151, 214–16 
  is called “recursive definition,” 216 
  inductive clause of, 215–16 
 Precise, 209 
Demonstration, 42, 180, 280 
Denial. See negation. 
Derivability, 44–45, 122–23, 139, 145, 152, 164, 172, 263, 265–66, 268, 270–71 
 is equivalent to logical consequence in PL, 44 
 is a formal notion, 44 
 in MDS, 122–23 
 in NDS, 122 
 in PL2 (see also Second-Order Predicate Logic), 263, 265–66, 268, 270–71 
  is not equivalent to logical consequences, 263 
  cannot be sound, complete, and finite, 263, 265–68 
Derivable, 38, 40, 43–46, 61, 65, 76, 81–84, 115, 121–22, 144, 154, 161, 172–74, 185, 226, 242, 253, 265, 

270, 274, 285 
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 an axiomatic system is a PL theory all of whose members are derivable from a decidable set of 
axioms, 172 

 the conclusion of a valid argument is derivable from its premises, 84 
 a contradiction is derivable from an inconsistent set, 40, 45, 81, 83, 144, 242, 285 
 to derive (z)Y, an arbitrary basic substitutional instance of (z)Y must be derivable, 154 
 every logical consequence of  is derivable from , 44, 144, 265 
 every member of RA is derivable from PA, 253 
 every PL sentence is derivable from an inconsistent set, 174, 242 
 every sentence derivable from  is a logical consequence of , 44 
 Explosion is derivable from Simp, Add, and DS, 61 
 NDS is derivable from MDS, 121 
 no contradiction is derivable from a consistent set, 38, 144, 226, 273, 285 
 no MDS rule is derivable from other MDS rules, 115 
 PA consistency sentence is not derivable from PA, 274 
 a sentence derivable from  is a logical theorem, 45, 82, 161, 173 
 X is derivable from  in L, or X is a theorem of  in L, 43, 122, 185 
 X is derivable from PA but not from RA, 253 
 if X is derivable from  in PL2, it is a logical consequence of  in PL2, 270 
 X is a logical consequence of PA2 but not derivable from PA2, 265 
 X and Y are interderivable, 45–46, 65, 76 
Derivation(s) (D), xii, xiv, 42–44, 48–49, 52, 66, 153, 164, 187, 226–27, 252–56, 265, 268–71, 278, 283, 

287 
 Conclusion of, 147, 227, 241, 248–49, 254, 268–71, 279, 287 
 Formal, 88, 94, 187, 265, 269 
 is formal representation of demonstrative proof, 42, 268 
 Infinite, 268–72 
 Lines of, 48–49, 139 
 Main, 51 
 cannot terminate with an assumption, 147 
 PA, 235–38, 240, 242, 248, 253, 272, 274–75, 278, 280, 283, 286–87 
  of GW[g] where g = [G], 240–41 
  is a PL derivation of an AV sentence from PA, 235–36, 238, 243–44, 248, 253, 272, 277–78, 283, 

286 
 PL (D), 42, 43, 66, 88, 89, 139–40, 145–47, 154, 163, 174–75, 226, 240, 242, 249, 254–56 
  all assumptions in D must be discharged before the conclusion of D is inferred, 139 
  all PL derivations from a decidable set can be effectively listed, 174 
  can be of any length, 238 
  are finite sequences of PL sentences, 139, 154, 187 
  First line of, 140 
   has no antecedents, 140 
   can only be a premise, an assumption, or an identity sentence, 140 
  Last sentence of (X), 139, 175 
  Length of (j), 139 
  Line n of, 139–44 
  The sentence on line n of (Zn), 139, 140–41 
   X = Zj where j is the length of D, 139 
  The set of premises of (), 139 
  The set of premises invoked in (D), 139, 145–47, 152 



 17

 of a sentence from a set of premises, 42–43, 82, 88, 139, 145–47, 152–53, 155–56, 157, 163–64, 227, 
235–36, 240, 242–44, 248–49, 253–56, 265–66, 270–72, 277–79, 283, 286 

 The set of premises and undischarged assumptions on or prior to line n of (n), 139–40 
  proving n |= Zn for every positive n is sufficient for establishing D |= X, 139 

  D = j where j is the length of D, 139 
  without premises, 82, 254–56 
   can only start by invoking Id, CP, or RAA, 82 
  X is a logical consequence of D, 139, 144 
 PL2 (D), 45, 265–66, 268–71 
  might be finite sequences of sentences, 265–66 
  might be infinite sequences of sentences, 268–70 
  The set of premises invoked in (D), 266 
 PL+ (D), 155, 157 
  is a finite sequence of PL+ sentences, 155 
  The set of premises invoked in (D), 155 
 The set of premises invoked in (D), 164 
 Sound, 89 
 The soundness of infinitely many, 89 
 Zero stage of, 43, 51, 82 
Deterministic steps, 40–41, 173, 190, 204, 271 
 Finitely many, 190, 271 
 can be followed without any creativity, 190 
Detlefsen, Michael, 275 
 offered a defense of Hilbert’s Program against the received view, 275 
DeVault, Elizabeth, xvi 
DeVault, James, xvi 
Diagonal, 107 
 consists of the diagonal instances Xm[km], 239 
 instance of one–variable formula is its diagonalization, 239 
Diagonalization, xiv, 106, 126, 212, 238–40 
 is the 3rd and last major component of the proof of the First Incompleteness Theorem, 238–43 
 of AV formula X[z] is the AV sentence X[k] where k is the gödel number of X[z], 239–40 
 of AV formula X[z] says that X is true of itself, 239 
 Consequences of Incompleteness and, 245 
 the Diagonalization Lemma, 239–41 
  asserts: if W[z] is an AV formula, there is an AV sentence G such that PA |– GW[g] where g 

= [G], 240 
  asserts metaphorically: it is a theorem of PA that G states “I am W,” 240 
  is the central theorem of this component of the proof of the First Incompleteness Theorem, 

239–41 
 -consistent PL set, 241, 286 
  every -consistent PL set is consistent, but the converse is not true, 241–42, 286 
  a PL set  is -consistent iff there is no formula X[z] composed of Voc() such that  |– X[n] 

for each n, and  |– (z)X[z], 241 
  a proof that if  is inconsistent, it is -inconsistent, 242 
   since N is a model of PA, PA is consistent, 237, 241, 280 
   it does not follow that PA is -consistent, 241–42 
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 proof of the Diagonalization Lemma, 240–41 
  there is a recursive function DIAG such that if n is the gödel number of X[z], DIAG(n) is the 

gödel number of the diagonalization of X[z], 239 
   DIAG is represented in Th(PA) by an AV formula diag[x, y], 239–40 
  the sentence G is the diagonalization of (y)(diag[x, y]  W[y]), 240 
   thus, G is (y)(diag[n, y]  W[y]), where n is the gödel number of (y)(diag[x, y]  W[y]), 

240 
 the proof of the First Incompleteness Theorem, 242–45 
  the theorem states that a certain important PL theory is incomplete, 223 
  the theorem states that if Peano Arithmetic is -consistent, it is incomplete, 227, 242 
  the theorem states that there is a sentence GPA such that if Th(PA) is -consistent, Th(PA) |–/  

GPA and Th(PA) |–/  GPA, 227, 242 
   the assumption of -consistency is invoked in the second part of the proof of theorem, 243 
   the assumption of -consistency is not invoked in the first part of the proof of the theorem, 

243 
   it is possible to prove the theorem without the assumption of -consistency, 243 
  since Th(PA) is the set of all the theorems of PA, it is sufficient to prove PA |–/  GPA and PA |–/  

GPA, 242 
   the AV formula proof[x, y] represents PROOF in Th(PA), 238, 242, 244, 272, 275, 277, 280 
    if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237, 

272 
    since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237, 272 
   the AV formula prov[y] is defined as (x)proof[x, y], 238, 242, 272, 275, 277, 280 
   by the Diagonalization Lemma, there is an AV sentence GPA such that PA |– GPAprov[g] 

where g = [GPA], 242, 244, 275–76 
   metaphorically, it is a theorem of PA that GPA asserts “I am not provable from PA,” 242 
  under the supposition that N is a model of Th(PA), it can be shown that GPA is true on N, 227, 

243–44, 280 
 a proof that GPA is true on N, 244 
  AV numerals, 228–29, 234, 244, 277, 288–89 
   every AV numeral refers to exactly one natural number on N, 228–29, 244 
   every natural number is named by one AV numeral on N, 244 
  the Completeness Theorem of PL, 243, 254, 265, 287 
  the construction of PROOF, 243–44, 272 
  every basic substitutional instance of (x)proof[x, g] is false on N, 244 
   (x)proof[x, g] is true on N, 244 
  List of Names of N, 244 
  the proof of the First Incompleteness Theorem, 243–45 
  the Soundness Theorem of PL, 244, 252, 254, 265, 276, 280, 288 
  the supposition that N is a model of PA, 241, 243–45, 260, 280 
  the Universe of Discourse of N is ℕ, 90, 244 
 a sufficient condition for incompleteness, 247–48, 250 
  there are quite weak theories that meet this condition, 247, 254 
  if  is complete and axiomatizable, it is decidable, 248, 250 
   since  is axiomatizable and undecidable, it is incomplete, 248 
  if  is a consistent axiomatizable PL theory in which all recursive functions are representable, 

 is incomplete, 247–48 
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 a sufficient condition for undecidability, 245–47 
  if  is a consistent PL theory in which all recursive functions are representable, the set of the 

gödel numbers of the members of  is not representable in , 245–46 
   the diagonalization function DIAG is representable in , 246 
   the Diagonalization Lemma holds for , 246 
  if  is a consistent PL theory in which all recursive functions are representable,  is 

undecidable, 246–47 
   all recursive functions are representable in , 247 
   therefore,  is undecidable, 247 
Diagonalization Lemma, xiii, 238, 240–42, 245–46, 252, 276, 278, 280, 283, 286 
 asserts: for any AV formula W[z], there is an AV sentence G such that PA |– GW[g], where g 

= [G], 240, 286 
 asserts metaphorically: it is a theorem of PA that G states “W is true of G,” 240 
 The First Incompleteness Theorem is the most important consequence of, 241–42 
 has many important consequences, 241 
  it is also invoked in the proof of the Second Incompleteness Theorem, 276, 278, 280 
 Proof of, 240–41 
  DIAG is a recursive function such that if n is the gödel number of X[z], DIAG(n) is the gödel 

number of the diagonalization of X[z], 239 
  DIAG is represented in Th(PA) by the AV formula diag[x, y], 239–40 
  G is the diagonalization of (y)(diag[x,y]  W[y]), 240 
  G is (y)(diag[n, y]  W[y]), where n is the gödel number of (y)(diag[x, y]  W[y]), 240–41 
  it is possible to construct a PL derivation of GW[g] from PA, 240–41 
Dictionary ordering (see also lexicographical ordering), 132 
 is based on the alphabetical ordering of a dictionary, 132 
Disjoint sets (AB = ), 96, 163 
Disjunct(s), 8, 34, 49, 187 
Disjunction, 5, 8, 49–50, 88, 93, 109, 133, 187 
 Exclusive (, +), 111, 113 
  its expansion in terms of {, }, 114 
  Prefix of (J), 113 
  Truth table for, 111 
 Inclusive (), 111, 113 
  Truth conditions of (see also truth conditions), 22, 88 
  Truth table for, 24, 111 
 Repeated, 187 
Disjunction Elimination (E), 62, 116 
 is a hypothetical rule, 62 
Disjunction Introduction (I), 62, 116 
 is the traditional rule Addition (Add), 62 
Disjunctive Syllogism (rule of inference; DS), 48–49, 53, 61–62, 180 
 is sound, 61, 180 
 is truth-preserving, 61 
 may be unjustifiable, 61 
Displacement, 21 
Distance, 21 
Distribution (rule of inference; Dist), 58 
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Double Negation (rule of inference; DN), 58, 243, 246, 286 
Doubling function (D(n) = 2n), 218–19, 222 
 A precise recursive definition of, 218, 222 
  invokes Jଶଶ, Jଵଶ, S, Sum, and Z, 222 
  is given in standard notation, 222 
 A Turing machine algorithm for computing, 218–20 
 A Turing machine TD that computes, 219 
  Diagram of, 218, 221 
  The halting position of, 220 
  Input of, 219–20 
  Instruction set of, 218, 220 
  Output of, 219–20 
  Pointer of, 219–20 
   at the initial position, 219 
   moves to the right or to the left, 219–20 
   reads 0 or 1, 219 
   writes 0 or 1, 219–20 
  The terminal internal state of (qe), 221 
Economical version of PL, xiv, 59, 109, 115, 123, 148, 180, 183, 229 
 there is another economical version based on {, , , =}, 126 
 is equivalent to the full version of PL, 109 
 Logical symbols of, 115, 123 
  consist of , , , =, 115, 148 
  The other logical symbols can be defined in terms of, 115 
 MDS is the deduction system of, 123 
 Semantics of, 115 
 Syntax of, 115, 232–35 
Effective decision procedure, 40–41, 173–75, 189–90, 192, 206, 209, 225, 227, 233, 235–38, 247–49, 

255–57, 270–72, 284–85 
 Determining whether a number is the gödel number of an AV term is, 233 
 there is an effective decision procedure for determining membership in SentSL, 190 
  this procedure can be constructed as a computable numerical function, 190–92 
  SentSL is the set of all SL sentences, 190 
   SentSL is decidable, 192 
 is an effective procedure that can fully decide a Yes-No question, 173, 189 
 Procedure C is (see also procedure), 192 
  C determines membership in SENTSL, 192 
  SENTSL is the set of the numerical codes of all SL sentences, 192 
   SENTSL is decidable, 192 
 two formalizations of, 189, 193, 213 
  both characterize the class of computable numerical functions, 189 
  they are equivalent to each other, 189 
  a procedure is a function, and an effective procedure is a computable function (see also 

procedure), 189 
Effective No-procedure, 41, 173 
Effective procedure(s), xii, xiv, 40–41, 173–74, 189–92, 207, 219, 232–33, 235–38, 247–49, 255–57, 

270–72, 284–85 
 Arithmetical, 190, 192 
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  Not all effective procedures are, 190 
   constructing truth tables for PL sentences is not arithmetical, 190 
 can be arithmetized and transformed into computable numerical functions, 190, 247 
  to define effective procedure formally is to formalize computable numerical function, 193 
 Decoding, 191 206, 209, 211, 219 
  of AV terms, 232–33 
  decodes a natural number into the original n-tuple, 206 
  decodes numbers into their corresponding symbols, 191 
  decodes a numerical code of an AV tem by reversing the encoding procedure, 233 
  decodes numerical code [F] into the partial recursive function F, 219 
  in decoding gödel numbers, all even powers of prime numbers are prime-factored, 233 
  in decoding gödel numbers, when prime factorization halts, the basic numbers are decoded, 

233 
  of Turing machines, 209–11 
 Encoding, 174, 191–92, 206, 209, 219, 231–35 
  of AV terms, 232–33 
  encodes every n-tuple of natural numbers into a unique single natural number, 206 
   [mሬሬሬ⃑ ] is the numerical code of mሬሬሬ⃑ , 206 
  encodes every partial recursive function F into a natural number [F], 219 
  encodes every Turing machine T into a numerical code [T], 209, 211 
 that generates SL sentences can be arithmetized, 190–92 
 there are many effective procedures for enumerating the members of ℕn, 207 
  many encode the n-tuples of ℕn into single numbers, and arrange them according to the 

magnitudes of the codes, 207 
Effective Yes-procedure, 173–74, 189, 206–07, 238, 249, 256–57 
 there is an effective Yes-procedure for determining membership in Cont (the set of all PL 

contradictory sentences) 256 
 there is an effective Yes-procedure for determining membership in Th() (the set of all PL valid 

sentences), 256 
 there is an effective Yes-procedure for determining membership in Th(PA) (Peano Arithmetic), 

248–49 
Effectively enumerable set, xiv, 173, 182, 206–08, 270–71 
 is equivalent to semidecidable set, 173, 206, 208 
 K  ℕn is effectively enumerable iff there is a computable numerical total function F such that 

ran(F) = K, 206 
 K  ℕn, and K is, 207–08 
  hence, there is a computable numerical total function F such that ran(F) = K, 207 
  F defines a computable listing function K of K, 207 
   an n-tuple mሬሬሬ⃑  might be the value of F at infinitely many arguments, 208 
  F is an enumerating function; it need not be one-to-one, 208 
  there is a Turing machine TF that computes F, 207 
  TF(n) might never generate [mሬሬሬ⃑ ] as an output, and it might, 207 
   this procedure enumerates effectively all the members of K, 208 
   this procedure is only a Yes-procedure, 207 
 its members can be effectively listed in some order, 173, 270–71 
Elementarily equivalent, 167, 169, 175–76, 179, 182, 289 
 all finite elementarily equivalent models of {(x)Px} are isomorphic, 182 
 models with respect to V, 179, 182 
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 PL interpretations with respect to V (IVJ), 167, 169, 175–76, 179, 187 
  IVJ just in case for all X, X is true on I iff X is true on J, 167, 176 
  I~VJ iff I and J are isomorphic with respect to V, 167 
  there are PL interpretations I and J such that IVJ but not-(I~VJ), 169, 179 
Elementary equivalence, xi, xiv, 167, 169, 175–76, 179 
 the completeness of a PL set and the elementary equivalence of all its models are equivalent 

notions, 175, 178 
 Isomorphism is a much stronger relation than, 169, 176, 179 
The empty set (), 21, 45, 82, 95–96, 129–30, 140, 174, 185–86 
 All PL interpretations are models of, 140 
 Logical consequence of, 34, 140, 185–86 
 is unique, 95, 129 
English, 2–3, 9, 12, 24–25, 165, 251 
 conditional, 25, 60–61, 88 
  it might have truth conditions different from the material conditional , 61 
  it might have truth conditions similar to the material conditional , 60, 88 
  Universal, 60 
 sentence(s), 181, 184 
  the sentence ‘There are infinitely many individuals’, 181 
  the sentence ‘Most individuals are P’, 181 
   is not expressible by any PL sentence, 181 
  the sentences ‘There are at least n individuals’ for each n, 181, 184 
   are expressible by a set of PL sentences, 181, 184 
   this set is consistent, 181, 184–85 
   this set cannot have a logical consequence expressing ‘There are infinitely many 

individuals’, 181 
  the sentence ‘There are at least n individuals that are not P’, 181 
   is expressible by a PL sentence, 181 
Equinumerosity, 102, 104, 106, 124–25 
 is an equivalence relation, 124 
 is the condition for identity among cardinalities, 102 
Equinumerous sets (A ≈ B), 101, 103, 125 
 if A can be well-ordered and A ≈ B, B can be well-ordered, 125 
 there is a one-to-one correspondence between, 101 
 have the same cardinality, 101–02 
Equivalence classes, 162–64 
 Intersection of two, 163 
 of PL+ singular terms, 162–64 
  any two are either disjoint or identical, 163 
  Every singular term belongs to its, 163 
  are mutually exclusive, 163 
  are nonempty, 163 
  Singular terms belonging to the same, 164 
Euclidean geometry, 172 
Even natural number(s), 90, 102–04 
 Set of all (E), 102–04 
  Cardinality of (0), 104 
  is equinumerous with ℕ, 103 
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Evening Star, 257–59 
Existential Elimination (E), 62, 116 
 is the traditional rule Existential Instantiation (EI), 62 
Existential Generalization (rule of inference; EG), 56, 59, 62, 180, 238, 277 
 is sound, 180 
Existential Instantiation (rule of inference; EI), 58, 62, 180 
 assumption (EIA), 58 
 is sound, 180 
Existential Introduction (I), 62, 116 
 is the traditional rule Existential Generalization (EG), 62 
Explosion (rule of inference; Expl), 55, 60–61, 174, 180, 242, 274 
 is a feature of classical logic and some systems of non-classical logic, 174 
 Justification for, 60–61 
 Lewis’s Argument for, 61 
 if a PL set is inconsistent, every PL sentence is a theorem of it, 242 
 is sound, 60, 180 
 is truth-preserving, 61 
Exponentiation (mn), 218 
 Precise recursive definition of, 218  
Exportation (rule of inference; Expr), 59, 277 
Expressive Completeness, 109–10, 113–14, 124 
 Definition of, 110 
 of {, }, {, }, {}, and {}, 113–14, 124 
Extendibility, 74, 76 
Extension, 15, 23, 72, 74, 259 
Extension of a set, 150, 152, 159, 227, 248, 250, 282 
 A is an extension of B iff B  A, 150 
 B is extended into A, 150 
 a consistent extension of Peano Arithmetic Th(PA) is a consistent AV theory that includes 

Th(PA), 248 
  Arithmetic ThAV(N) is a consistent extension of Th(PA), 227, 248, 250 
 every consistent extension of Th(PA) is undecidable, 227 
 every set is an extension of itself, 150 
 every set is an extension of , 150 
 Maximal consistent, 152 
 -consistent extension of Robinson Arithmetic Th(RA) of which N is not a model, 282 
 the set of all PL sentences is an extension of every PL set, 150 
Extensional system, 15, 23, 74, 259 
 PL is, 23, 74, 259 
 PL semantics is, 15 
 PL2 is, 259 
Extensionality of PL, 23 
Factorial function n!, 218 
 Precise recursive definition of, 218 
Fact(s), 5, 13–15, 21, 27, 44–45, 51, 70, 73, 90, 115, 125–26, 148, 174, 185, 205, 231, 233, 235, 247, 268, 

277 
 Arithmetical, 90, 234 
 Semantical, 5, 13–15, 27, 70, 126 
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 Physical, 73 
 Proof-theoretic, 115 
 Set-theoretic, 125 
Family of sets (F ), 96, 124–26, 128–29, 131, 151–52, 162–63, 177–78 
 might be exhaustive of a set, 96, 162–63 
 Cardinality of, 128–29, 177–78 
 Countably infinite, 124 
 Finite, 124, 152 
 Inductive, 124, 131 
 Intersection of the members of (F ), 96 
 its members are countably infinite sets, 124 
 its members are nonempty sets, 124, 126, 128–29, 163, 177 
 Nonempty, 124 
 Pairwise disjoint, 96, 124, 126, 128–29, 163, 177 
  its members are mutually exclusive, 96, 162–63, 177 
  no two members share an element, 96, 162–63 
 Transitive, 125 
 Union of the members of (F ), 96, 125, 151–52, 162–63 
Finite-Satisfiability Theorem, 165–66, 182, 185, 289 
 asserts: a finitely satisfiable PL set is satisfiable, 165 
 is equivalent to the Compactness Theorem, 165 
 is initially assumed to apply to countable sets only, 182 
  may be assumed to apply to sets of any cardinalities, 182 
Finitely satisfiable set, 165–66, 185, 288–89 
 is such that each of its finite subsets has a model, 165, 288–89 
First Incompleteness Theorem, xiii-xiv, 223, 227, 238–45, 250, 272, 275, 280, 282–83, 285–86 
 asserts that a certain important PL theory is incomplete, 223 
 asserts that if Peano Arithmetic is -consistent, it is incomplete, 227, 242–43 
 asserts that there is a sentence GPA such that if Th(PA) is -consistent, Th(PA) |–/  GPA and 

Th(PA) |–/  GPA, 227, 242–43 
 The assumption of -consistency is invoked in the second part of the proof of, 243 
 The assumption of -consistency is not invoked in the first part of the proof of, 243 
   the theorem can be proved without the assumption of -consistency, 243 
 by the Completeness Theorem, Th(PA) |=/  GPA and Th(PA) |=/ GPA, 243 
  hence, there are models I and J of Th(PA) such that I makes GPA true and J makes it false, 243 
  those models are not elementarily equivalent, 243, 282–83 
  also they are not isomorphic, 243 
  Th(PA) is not categorical, 243 
   every incomplete consistent PL theory is not categorical, 243 
  Th(PA) is not 0-categorical, 243, 289 
  ThAV(N), which is Arithmetic, is also not 0-categorical, 243, 283, 288–89 
 Consequences of Diagonalization and, 245 
 is the most important consequence of the Diagonalization Lemma, 241 
 Proof of, 227–28, 231, 238–43, 245, 248–50, 274–75, 281–82, 286 
  the 1st major component of the proof is representability in Th(PA) (see also representability in 

Peano Arithmetic), 228–31 
   all recursive functions are representable in Th(PA), 231 
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  the 2nd major component of the proof is arithmetization of the metatheory of Th(PA) (see 
also arithmetization of Th(PA) metatheory), 231–35, 280 

  the 3rd major component of the proof is diagonalization (see also diagonalization), 238–41 
  A detailed outline of, 227–43 
  is formalizable in Peano Arithmetic, 272, 275–76 
  is insensitive to the choice of the proof predicate, 274 
  a proof predicate is an AV formula that represents PROOF in Th(PA), 272, 274–76 
  The supposition that N is a model of PA is not standard of, 225–26, 237, 241, 243–45, 260, 280 
  since Th(PA) is the set of all PA theorems, it is sufficient to prove PA |–/  GPA and PA |–/  GPA, 

242 
   the AV formula proof[x, y] represents PROOF in Th(PA), 237–38, 242, 244, 272, 275, 277, 280 
    if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237–

38, 272 
    since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237 
   the AV formula prov[y] is defined as (x)proof[x, y], 242, 272, 275, 277, 280 
   by the Diagonalization Lemma, there is a sentence GPA such that PA |– GPAprov[g], 

where g = [GPA], 242 
   it asserts metaphorically that it is a theorem of PA that GPA says “I am not provable from 

PA,” 242, 276 
 a sufficient condition for incompleteness, 247–48 
  there are quite weak theories that meet this condition, 247–48, 252–54 
  if  is complete and axiomatizable, it is decidable, 174, 227, 248–50 
   since  is axiomatizable and undecidable, it is incomplete, 248 
  if  is a consistent axiomatizable PL theory in which all recursive functions are representable, 

it is incomplete, 247–48 
 Th(PA) is undecidable, 248–49, 257 
  for a consistent PL theory, the triad of completeness, axiomatizability, and undecidability is 

inconsistent, 175, 250 
  First Incompleteness Theorem follows: since Th(PA) is axiomatizable and undecidable, it is 

incomplete, 250 
 under the supposition that N is a model of Th(PA), GPA is true on N, 243–45, 280 
First Incompleteness Theorem (proof without the assumption of -consistency), 282–83 
 can be established without the assumption that Th(PA) is -consistent, 282–83 
 “less than” is represented in Th(PA) by the (boldfaced) AV formula <, 283 
 n, m  DISPROOF iff n, NEG(m)  PROOF, where NEG(m) = [X] and m = [X], 283 
 PROOF is the arithmetical analogue of the set of all PA derivations of AV sentences, 235, 272, 

283 
 PROOF, NEG, and DISPROOF are all recursive, 283 
 they are representable in Th(PA), 283 
  the AV formula disproof[x, y] represents DISPROOF in Th(PA), 283 
  the AV formula proof[x, y] represents PROOF in Th(PA), 237–38, 242, 244, 272, 275, 277, 280, 

283 
 R[y] is the AV formula: (x)(proof[x, y]  (z)(z < x  disproof[z, y])), 283 
  by Diagonalization Lemma, there is a sentence RPA such that PA |– RPAR[r], where r = [RPA], 

283 
 RPA asserts metaphorically “if there is a PA derivation of me, then there is an earlier PA 

derivation of my negation,” 283 
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 RPA is neither provable nor disprovable in Th(PA), even without the assumption of -
consistency, 283 

 RPA is “the Rosser sentence of PA,” 283 
First-Order Logic, 1, 257, 265 
First-Order Predicate Logic (PL), xi-xii, 1, 43–44, 108–09, 136, 144, 157–58, 161, 164, 172, 178, 180–

81, 185, 229, 252, 257–58, 265 
 can define the concept of infinity, 178 
 entails that X is a logical consequence of PA iff X is a theorem of PA, 265 
 first-order predicate, 257–58 
  applies only to variables that range over individuals and terms that designate individuals, 

257–58 
 first-order quantifier, 257–58 
  applies to a variable that occupies a name-place, 258 
  ranges only over individuals, 257 
 first-order sentences, 257–58 
 first-order variable, 258, 269 
  ranges only over individuals, 258 
 Language of, 2, 28, 30, 88, 177–78, 182 
  Cardinality of, 177 
  is countably infinite, 150, 177–78, 182 
  Countably infinite set of new names is added to, 177 
  Expressive powers of, 165 
 Logical symbols of. See logical symbols. 
 Model theory of. See model theory. 
 NDS is the deduction system of, 123 
 Proof theory of. See proof theory. 
 Standard version of, 161 
 Syntax of. See syntax. 
FORM, 234, 237 
 is the arithmetical analogue of the set of AV formulas, 234 
 consists of the gödel numbers of all AV formulas, 234 
 Construction of, 234 
 is a recursive set, 234 
 is represented in Th(PA) by an AV formula form[x], 234 
Form, 43–44, 192, 215 
 of a formula, 43, 180, 182 
 of an inference’s antecedent, 43, 49, 140, 142–43 
 of an inference’s conclusion, 43, 140, 141–43 
 of a prime factorization, 192 
 of a primitive recursion definition, 215 
 of a sentence, 43, 49, 185–86, 192 
  is its coarsest syntactical structure, 43 
Formal logic, 44 
Formalizable semantical notion, 44 
 is equivalent to a formal notion, 44 
Formalization(s), 189–90, 193, 213, 216 
 of computable function, 190, 209, 213 
  are conceptually and historically independent of each other, 213 
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 of effective procedure, 189, 193, 213 
 of inductive definition, 216 
Formation rule(s), 5, 7, 29, 115, 190, 233–34 
 Biconditional, 7–8 
 Conditional, 7–8, 234 
 Conjunction, 7–8 
 Disjunction, 7–8 
 for economical version of PL must be truncated, 115 
 Existential Quantifier, 7–8 
 Negation, 7–8, 234 
 for Sentence Logic, 190 
 Universal Quantifier, 7, 234 
Formula(s), 7–11, 19–20, 25, 27, 29–30, 52, 56–58, 94, 109, 120–21, 136, 142, 174, 177, 180, 182–83, 

187, 213–14, 224–25, 229–30, 233–35, 239, 277 
 Arithmetical, 94, 151, 224–25 
 Atomic, 7–8, 233 
  AV, 233–34 
   Arithmetization of, 233 
 AV, 223–25, 229–30, 233–34, 237–40, 242, 252–53, 260, 272, 274–75, 277–78, 281–83, 285–86, 288 
  are composed of the vocabulary of Peano Arithmetic (AV), 224–25 
  are constructed from the atomic ones by finite applications of the negation, conditional, and 

quantifier formation rules, 233–34 
 Components of, 59 
  Atomic, 8 
  Immediate, 8, 43 
 Compound, 7–8, 124 
 First-order, 258 
 Main connective of, 43 
 Main operator of, 8, 43 
 Metalinguistic, 92, 260 
 One-variable (see also one-variable formula), 230, 233–34, 238–42, 246, 252, 260, 281, 283, 286, 288 
 Open, 9–10, 50, 258 
 Second-order, 258 
Formula formation rules (see also formation rule), 233–34 
Fuisz, Patricia, xvi 
Full version of PL, 115, 123–24, 180, 229 
Function(s), xii, 2, 11–15, 90–91, 98, 100–01, 104, 106, 137, 168–69, 177–78, 189–90, 203–19, 230–31, 

233, 238–39, 245–48, 250, 252–53, 261, 289 
 Algebraic, 209 
 Argument(s) of, 12–13, 99–101, 105, 168, 189, 203–05, 208, 211, 213–17, 222, 289 
  Any number of, 214, 216 
  One, 215 
 Arithmetical, 88, 90, 209, 215 
 An AV formula X may represent in Th(PA) n-place, 230–31 
 Bijective, 100 
 Composition of (GF), 100, 214 
 Domain of (dom(F)), 99, 101, 203–04, 213, 217 
 Enumerating, 208 
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 Existence condition of, 98–99, 101, 203, 217–18 
  states that for every input there exists an output, 98, 203, 217–18 
 Extension of, 13, 15 
 Identity (I, Jଵଵ), 101, 214–15 
 Injective, 100 
 Inverse (F–1), 101 
 Maximum (Max), 219 
  Max(n, m) = m if n ≤ m, and Max(n, m) = n if n > m, 219 
  is recursive, 219 
 One-to-one, 100–01, 178 
 Onto-, 100–01, 105, 210, 289 
 Operations on, 100–01 
 Partial, 91, 99–100, 189–90, 203, 205–06, 213, 217–18 
  violates the existence condition, 99, 189, 203, 206, 213, 217–18 
 Range of (ran(F)), 99–101, 178, 206–07, 213, 217 
  is the set of all the function’s values, 99, 206, 217 
 is a relation between a set of inputs and a set of outputs, 98, 189, 204 
 may be representable in Th(PA), 230–31 
 on a set, 99 
 Set-theoretic, 88 
 Surjective, 100 
 Total, 99–100, 189–90, 203, 206–08, 210, 213–14, 217, 230–31 
  satisfies the existence and uniqueness conditions, 99, 189, 203, 206, 217–18, 230 
 Total n-place, 230–31 
 Uniqueness condition of, 98–99, 101, 203, 217–18, 230 
  states that an input can have only one output, 98, 203, 217–18, 230 
 Value of, 12–13, 99–101, 104–05, 137, 168, 189, 203–04, 206, 208, 213–14, 216, 289 
  a function might have the same value at infinitely many arguments, 208 
  for a single argument there is one and only one, 230 
Function composition GF (see also function), 100–01 
Function inverse F–1 (see also function), 101 
Function symbol(s), 1–6, 10–11, 13–16, 20, 27, 29, 88, 126, 148, 158, 163, 167, 177, 224 
 Extension of, 163 
 of Peano Arithmetic vocabulary (AV), 224 
 Places of, 3, 148, 158, 163, 167, 224 
Functional description, 3–5, 13, 15 
Functionalism, 193 
GDS rules of inference (see also standard rules of inference), 62–63, 115–16 
 consist of Reit, and two rules for each connective, quantifier, and =, 62 
 are derivable from NDS rules, 63 
 Elimination, xiv, 62–63, 115–16 
 Introduction, xiv, 62–63, 115–16 
 may be regarded as defining the connectives, quantifiers, and =, 63 
Gentzen, Gerhard, 62 
Gentzen Deduction System (GDS; see also Standard Deduction System), 62–63 
 is equivalent to the Natural Deduction System (NDS), 63 
Gödel, Kurt, 44, 193, 227, 232, 272, 274–76 
 devised a coding procedure, 232 
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 proved that Peano Arithmetic Th(PA) is incomplete, 227 
gödel number(s), xiii, 232–35, 237–42, 245–52, 256, 272, 275–77, 280, 282–83, 285 
 of AV one-variable formulas, 238–40 
 of AV sentences, 234–37, 239–40, 242, 245–47, 250–52, 272, 275–77, 280, 282, 285 
 determining whether a number is the gödel number of an AV term is an effective decision 

procedure, 233 
 of the diagonal instance of X[z], 239–40 
 is an even number, 233 
 is a numerical code of an AV expression, 232–33, 235 
 of PA proof, 235–38, 248, 275, 285 
 of PL derivation, 255 
 of a sentence composed of Voc(), 246–47 
 the set of the gödel numbers of the members of a consistent PL theory  in which all recursive 

functions are representable is not representable in , 245–46, 250 
 of a theorem of PA, 237, 246, 272 
 if  is an AV expression, its basic or gödel number is [], 232 
The Gödel Sentence GPA, 227, 242–45, 275–76, 280–81, 285 
 was constructed according to a diagonal procedure, 227 
  this procedures establishes that every consistent extension of Th(PA) is undecidable, 227 
   a consistent extension of Th(PA) is a consistent AV theory that includes Th(PA), 248, 250 
 cannot be proved or disproved from the Peano Axioms PA, 227, 242–43 
 PA{GPA} (PA+) is consistent but -inconsistent, 281, 285–86 
  if PA+ is inconsistent, PA |– GPA, contradiction the First Incompleteness Theorem, 285 
   hence, PA+ is consistent, 285 
   proof[x, y] represents PROOF in Th(PA), 237–38, 242, 244, 272, 275, 277, 280, 285 
   PROOF is arithmetical analogue of all PA proofs of AV sentences, 235, 272, 283, 285 
  PA+ |– proof[n, g] for each n, where g = [GPA], 286 
  PA+ |– GPA(x)proof[x, g], 286 
  PA+ |– GPA, 285  hence, PA+ |– (x)proof[x, g], 285 
  therefore, PA+ is -inconsistent, 285 
 is true on N, 227, 243–45, 280 
  Proof that GPA is true on N, 244 
   AV numerals, 228–30. 234–35, 239, 244, 277, 288–89 
    every AV numeral refers to exactly one natural number on N, 244, 268 
    every natural number is named by one AV numeral on N, 244 
   Completeness Theorem, xi, xiv, 43–44, 144, 147–48, 150, 157, 161, 154, 177, 243, 263 
   the construction of PROOF, 235, 243–44 
   definition of prov[y], 238, 242, 244, 272, 275, 277, 280 
   every basic substitutional instance of (x)proof[x, g] is false on N, 244 
   (x)proof[x, g] is true on N, 244 
   List of Names of N, 244, 286 
   proof of the First Incompleteness Theorem, 228–45, 250, 272, 275, 281–83, 286 

if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237–
38, 272 

    since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237 
   Soundness Theorem, 43–44, 63, 89, 139, 144, 180, 244 
   the supposition that N is a model of PA, 225–26, 237, 241, 243–45, 260, 280 



 30

   Universe of Discourse of N is ℕ, 244, 289 
Gödel’s First Incompleteness Theorem (see also First Incompleteness Theorem), xiii-xiv, 223, 227–28, 

238–43, 245, 250, 272, 275, 280–83 
 asserts: if Peano Arithmetic Th(PA) is -consistent, it is incomplete, 227, 242–43 
 asserts: there is a sentence GPA that is neither provable nor disprovable from the Peano Axioms 

PA, if PA is -consistent, 227, 242–44 
 Gödel’s Proof of, 227–28, 239–45, 250, 272, 275, 281 
 is the most important consequence of the Diagonalization Lemma, 241 
 its proof is formalizable in Peano Arithmetic Th(PA), 272, 275 
 The Rosser sentence RPA is neither provable nor disprovable from PA, even without the 

assumption of -consistency, 282–83 
Gödel’s Second Incompleteness Theorem (see also Second Incompleteness Theorem), xii, xv, 254, 272, 

274–80 
 fails for Rosser’s proof predicate, 275 
 Gödel’s remark about Hilbert’s Program after his sketch of the proof of, 274 
 holds for any proof predicate that  satisfies the Provability Conditions, 275, 277–80 
 Original proof of, 275–76 
  establishes: if PA is consistent, PA |–/  CONs, where CONs is the standard PA consistency 

sentence, 275–76 
   since PA is consistent, PA |–/  CONs, 276 
 Second proof of, 276–80 
  establishes: if PA is consistent, PA |–/  prov0 = 1, where prov[y] is a provability predicate 

that satisfies the Provability Conditions, 278–80 
   N is a model of PA, 280 
   therefore, PA |–/  prov0 = 1, 225–26, 237, 241, 243–45, 260, 280 
   prov0 = 1 is true on N but is not a PA theorem, 280 
  makes no use of the fact that prov{y] is a provability predicate, 280 
  Provability Conditions, Diagonalization Lemma, and arithmetization of Th(PA) metatheory 

are sufficient for, 280 
 if T is a consistent theory that has these resources, it would fail to prove a sentence expressing 

its consistency, 280 
Greater-than, 90, 102 
 or equal-to (≥), 90–92 
 Strictly (>), 90 
Greatest common divisor, 13 
Half-open unit interval (I), 106 
The Halting Problem, xi, xiv, 209, 211, 213 
 It was conjectured that all functions with precise definitions are computable, 209 
 disproved this conjecture, 209 
 is due to Alan Turing, 209, 213 
 the Halting Function, which is defined precisely, is not computable, 211 
  there are many functions with precise definitions that are not Turing-computable, 209 
   by Church’s Thesis, these functions are not computable, 209 
 the Halting Function H is a total numerical function such that H(n, m) = 1 if n = [T] and T(mന ) 

halts, and H(n, m) = 2 otherwise, 210–11, 213 
  n is the numerical code of a Turing machine T, 212 
 the Halting Function is not Turing-computable, 211, 213 
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 if the Halting Function were Turing-computable, there would be a Turing machine TH that 
computes H, 212 

 H(n, n) is the diagonal value of H, 212 
 there is no effective decision procedure that can determine for any Turing machine T and any 

number m whether T(mന ) will halt or not, 209 
  mന  = m, m,…, m (see also notation), 203, 209 
  this statement should be expressed in terms of computable function, 209 
   computable functions are numerical functions, 209 
  a Turing machine T can be encoded into a numerical code [T], 209–11 
   there are several formalizations of computable function, 209 
 Proof of, 211–13 
  is a reductio ad absurdum argument, 211 
  there is a stage of the proof known as “diagonalization,” 212 
  T* acts on the diagonal of the function H(n, m), 212 
 in recursion theory, H(n, m) = 1 if there is a partial recursive function F such that n = [F] and 

F(m) = , and H(n, m) = 2 otherwise, 219 
  H is not a partial recursive function, 219 
  the proof invokes that Sub is a partial recursive function, 219 
 Sub is the partial subtraction function, 218 
 TH(n,n) = 1 when T(nധ) halts, and TH(n,n) = 2 when T(nധ) does not halt, 211–12 
  nധ is the input of the Turing machine T, 212 
 T* is a Turing machine constructed on the basis of TH, 211 
 T*(n, n) halts with an output of 2 if T(nധ) does not halt, and it does not halt if T(nധ) halts, 211–12 
  if H(r, r) = 1, T*(r, r) halts with an output of 2; hence H(r, r) ≠ 1, 213 
  if H(r, r) = 2, T*(r, r) does not halt; hence H(r, r) ≠ 2, 213 
  the numerical code of T* is r, 213 
 typical arithmetical and algebraic functions are computable, 209 
Hardware, 190, 205 
Henkin, Leon, 44, 144 
Henkin Interpretation (H∑), 157–59, 161, 180, 184 
 assigns a singular term as its own referent, 158 
 is defined for every PL+ set, 157 
 for a Henkin set () is a model of it, 157, 159, 161 
 List of Names of (LN), 158–62, 184 
  identical with the Universe of Discourse (UD), 158 
 Modified (H∑), 163–64 
  assigns to a singular term its equivalence class as its referent, 162, 164 
  is countable, 177 
  for a Henkin set () is a model of it, 163–64 
  List of Names of (LN), 162–63 
   a name belongs to its referent, 163 
   is unchanged, 162 
  Universe of Discourse of (࣯), 162–63 
   consists of all equivalence classes of PL+ singular terms, 162, 177 
   is exhaustive of the old UD, 163 
   is a pairwise disjoint family of nonempty subsets of the old UD, 163 
   is a partition of the old UD, 162–63, 177 
 its semantical assignments of referents, 161 
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 Universe of Discourse of (UD), 158, 161–63, 177, 184 
  consists of all PL+ singular terms, 158, 162, 177 
Henkin Model of a Henkin set (H∏), 157, 159, 164, 177 
 its size ≤ 0, 177 
Henkin set (), 152–53, 156–57, 159–64, 177, 180 
 All logical theorems belong to, 163 
 contains every sentence of the form t = t, 161, 163 
 is deductively closed, 161, 163 
 Every consistent set could be extended into, 161, 177 
 Identity sentences belong to, 163 
 is maximal consistent, 156, 161 
 its membership relations mirror the truth conditions of all PL+ sentences, 156 
 its membership relations mirror the truth conditions of , 153 
 its membership relations mirror the truth conditions of , 153 
 its membership relations mirror the truth conditions of , 156 
 at a restricted stage, its language does not contain =, 157 
Hilbert, David, xv, 272–75 
Hilbert’s philosophy of mathematics, 272–75 
 is called instrumentalism, formalism, and finitism, 273–74 
 posits two types of mathematics, 272–73 
  finitary mathematics, 272–75 
   consists of computational procedures applied to finite or potentially infinite sets of 

numbers, 273 
   is formalizable in Th(PA), 274 
  ideal mathematics, 272–74 
   consists of non-finitary mathematics, 273 
   is dispensable, in principle, for proving finitary theorems, 273 
   is a formal enterprise, 273 
   has no semantical significance, 273 
   is a powerful instrument for proving finitary statements, 273 
 Th(PA) contains both finitary and ideal mathematics, 274 
Hilbert’s Program, xv, 273–75 
 is aimed at showing that ideal mathematics is a reliable instrument for arriving at finitary 

truths, 273 
 consisted of two parts: reduction and reliability, 273 
 reduction attempted to reduce almost all of mathematics to Th(PA), 273 
 reliability aimed at showing that Th(PA) is a reliable instrument for proving finitary theorems, 

273 
 reliability was reduced to giving a finitary proof of the consistency of Th(PA), 273–74 
  that is, a finitary proof showing that 0 = 1 is not a theorem of PA, 273–74 
  all finitary mathematics is formalizable in Th(PA), 274 
  every finitary proof can be formalized as a PA proof, 274 
  the Second Incompleteness Theorem establishes that an AV sentence expressing the 

consistency of PA is not a PA theorem, 274 
  the Second Incompleteness Theorem is seen as showing that there is no finitary proof for the 

consistency of PA, 274 
   it is believed that the Second Incompleteness Theorem refuted Hilbert’s Program and his 

instrumentalism, 274 
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   Gödel’s remark about Hilbert’s Program after his sketch of the proof of the Second 
Incompleteness Theorem, 274 

  the standard PA consistency sentence incorporates the standard proof predicate, 274 
   an objection is that this predicate is a poor formalization of finitary proof, 274 
   there are nonstandard proof predicates for which the Second Incompleteness Theorem 

fails, 275 
   a proof predicate is a formula that represents PROOF in Th(PA), 272, 274–76 
   Rosser’s predicate is the most famous nonstandard proof predicate, 275 
   Rosser’s predicate can be used to construct a PA consistency sentence that is a PA theorem, 

275 
   the Second Incompleteness Theorem fails for Rosser’s proof predicate, 275 
   the Second Incompleteness Theorem holds for any proof predicate that satisfies the 

Provability Conditions, 275 
   some question the adequacy of the Provability Conditions, 275 
Hubble Telescope, 25, 259 
Hume’s Principle, 102, 104, 106, 137 
 asserts that card(A) = card(B) iff A ≈ B, 102, 104, 106, 137 
Hypothetical rule(s) of inference, 47, 50–52, 57, 59, 140, 236 
 Assumption of, 51, 57, 139–40, 147, 236 
  is active only within the block of its rule, 51 
  Discharged, 51, 121, 139, 140, 147 
  Undischarged, 51, 56, 58, 121, 139–40 
 can only be applied to whole lines, 50 
Hypothetical Syllogism (rule of inference; HS), 55, 252, 287 
Idempotence (rule of inference; Idem), 58 
Identity (rule of inference; Id), 56, 62, 115–16, 140, 236 
 Conclusion of (s = t), 140 
 has no antecedent, 140 
Identity Elimination (=E), 62, 116 
 is the traditional rule Substitution (Sub), 62 
Identity Introduction (=I), 62, 116 
 is the traditional rule Identity (Id), 62 
Identity predicate =, 2, 5, 7, 10–11, 62, 115–16, 126, 157, 159, 161, 163–64, 177, 180, 222 
 Truth conditions of (see also truth conditions), 22, 36, 136, 163, 289 
 A version of PL that contains no, 161 
Identity relation on ℕ (=), 219 
 Characteristic function of (=), 219, 222 
  is recursive, 222 
  is Turing-computable, 222 
  There is a Turing machine T= that computes, 222 
   dummy instruction line of T=, 222 
   input of T=, 222 
   instruction set of T=, 222 
   output of T=, 222 
 is a recursive relation, 219 
Identity sentence(s) (s = t), 136, 140, 161, 163–64 
 s = s is a logical theorem, 161 
 s = s is a valid sentence, 140 
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 when s and t are distinct singular terms, 161 
Incomplete PL set , 223, 227, 242–43, 245, 247–48, 250, 254, 281, 285 
 every incomplete consistent PL theory is not categorical, 243 
 Peano Arithmetic Th(PA) is, 227, 242–43, 245 
 is such that there is a PL sentence X composed of Voc(), and  |=/ X and  |=/ X, 223 
 is such that there is a PL sentence X composed of Voc(), and  |–/  X and  |–/  X, 223 
  is a decidable PL set whose vocabulary includes AV: if RA is consistent, Th() is, 281, 285 
  Th(RA) is also consistent, 285 
  Th()RA  Th(RA), 285 
  thus, Th()RA is consistent too, 285 
  it follows: Th() is undecidable, 285 
   Th() is axiomatizable theory, 285 
   therefore, Th() is incomplete, 285 
 sufficient condition for incompleteness, 247 
  there are quite weak theories that meet this condition, 247 
  if  is complete and axiomatizable, it is decidable, 248, 250 
  if  is consistent axiomatizable PL theory in which all recursive functions are representable, it 

is incomplete, 247–48 
  since  is undecidable and axiomatizable, it is incomplete, 248 
Incompleteness Theorems, xi, xiii-xiv, 115, 223, 225, 274 
Inconsistent set (proof-theoretically), 40, 45, 144–45, 148–53, 155–56, 174–76, 242 
 All sentences are derivable from, 175 
 is proof-theoretically a set from which a contradiction is derivable, 144–45, 148–53, 155–56, 174, 

242 
 is semantically a set that has no model, 144, 171, 176 
 is trivially complete, 175 
Indirect proof, 34–35, 40 
Individual(s), 2–3, 5, 10–16, 18–23, 25–31, 37, 69, 71–72, 75–76, 162, 178, 181, 184, 187, 257, 258–62, 

267, 269, 289 
 are first-order objects, 257 
 Philosophical sense of, 2 
 Sequence of, 25, 30 
 Unnamed, 14, 26 
Inductive set, 124–25, 130–31 
 Smallest (), 124–25, 130–31 
  A   iff A = Sn for some natural number n, 131 
   is asymmetric, connex, irreflexive, transitive, and has a minimal element on, 125, 131 
   is well-founded on, 125, 131 
   is a well-ordering of, 125 
  is a subset of all inductive sets, 125, 130 
Inference(s), 59–60 
 Set of, 109 
 Truth-preserving, 59–60 
  Definition of, 60 
 Unsound, 59 
Inference’s antecedent(s), 42–43, 48–49, 51, 56, 60, 140, 142–43, 268–69 
 of a hypothetical rule is the derivation enclosed in its block, 51 
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 The -rule of inference requires infinitely many, 268–70, 281 
  these antecedents are the 7 PA2 axioms and all PL2 sentences of the form X[sk0] where k is any 

natural number, 269 
Inference’s conclusion, 42–43, 48–49, 60, 140, 141–43 
 Intermediate, 42 
 of the -rule of inference is a PL2 sentence of the form (z)X, 269 
Inferential license, 42, 49, 52 
Inferential step, 42 
Infinite decimal expansion, 106–07 
 ending with an infinite sequence of 9’s, 106 
Infinity, 102–03, 178 
 Actual, 102–03, 178 
  it was believed that it could not exist, 103 
  is an emergent concept in PL that may be based on three finite concepts, 178 
  Properties and relations of, 103 
  it was rejected as incoherent, 103 
   there is nothing incoherent about the concept of actual infinity, 103 
  is of the same size as many of its proper parts, 102 
 is definable in PL, 178 
  there are satisfiable finite PL sets whose models are all infinite, 65, 76, 178 
 Potential, 103 
  could not be completed, 103 
Integer(s), 100, 222, 273 
 Ordered pairs of, 273 
  Classes of, 273 
 Positive, 13, 137–39, 144, 148, 214, 216, 218, 222, 234, 238–39, 266–67, 269, 281 
 Set of all (ℤ), 100 
Interderivable sentences, 45–46, 65, 76 
Intersection of two sets (AB), 26, 96, 124, 163 
 consists of the elements common to both sets, 96 
An Introduction to Logical Theory, xii, 34, 35, 38, 40, 45, 144, 174 
Invalidity (of arguments), 41, 257 
 is neither decidable nor semidecidable, 41, 257 
 there is no effective decision procedure for determining the validity and invalidity of every PL 

argument, 257 
 There is no effective Yes-procedure for determining the applicability of, 257 
Isomorphic, 167, 176, 179, 182, 289 
 PL interpretations with respect to V (I~VJ), 167, 169, 179, 187, 289 
  their corresponding structures mirror each other, 167, 169, 176, 187 
  there is an isomorphism between them, 167 
 models are elementarily equivalent, 168, 176 
 models with respect to V, 182 
Isomorphism, xi, xiv, 167–69, 175, 179, 187, 289 
 is a function between PL interpretations, 168, 175, 179, 289 
 is a much stronger relation than elementary equivalence, 169, 179 
Justification(s), 60–61, 63, 89, 102, 239 
 Demonstrative, 89 
 for Explosion, 60 
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  First, 60 
  Second, 60–61 
   is Lewis’s Argument for Explosion, 61 
Kleene’s Theorem, 208 
 asserts: for K  ℕn, K is decidable iff K and ℕn–K are effectively enumerable, 208 
 K is the characteristic function of K, and K and ℕn–K are the listing functions of K and ℕn–K, 

205–06 
 if K is computable, K and ℕn–K are computable; hence, K and ℕn–K are semidecidable, 208 
 if K and ℕn–K are computable, there are Turing machines TK and Tℕn–K that compute K and  

ℕn–K, 208–09 
 TK and Tℕn–K can be combined to compute K, 208–09 
  therefore, K is decidable, 208–09 
Language, 27–30, 177, 178, 232–33, 235, 251–52 
 Bivalent, 12 
 Formal, 87 
  Tarski’s definition of truth in, 252 
 Formal arithmetical, 90, 223–24 
 Natural, xiii, 1, 3 
  argument, 165 
   its set of premises may be infinite, 164 
 Object, 1–2, 16, 228, 232, 251 
 of Peano Arithmetic, 233, 235 
 of a PL interpretation (see also PL interpretation), 14, 29 
 of a set of PL sentences, 28–29, 182 
 Symbolic, 87 
Latta, Stephen, xvi 
Lemma, xiii, 144–45, 148–50, 152, 157, 226, 238, 240–41, 245–46, 252, 254, 275, 280 
Less-than, 12, 90, 101–02, 283 
 or equal-to (≤), 90–91, 131 
  Antisymmetry of, 130 
  ≤ is the characteristic function of, 219 
   ≤ is a recursive function, 219 
  between natural numbers, 219 
 Strictly (<), 90–92, 140, 217 
  ℕ is well-ordered by, 217 
  Properties of, 90 
  is well-founded on ℕ, 90 
Lewis, C.I., 60 
 his argument for Explosion, 60–62 
  counterarguments against, 61  
Lexicographical ordering (see also dictionary ordering), 132–33 
 based on the alphabetical ordering of a dictionary, 132 
Liar Paradox, 251 
 Tarski’s solution to the paradox is to restrict the scope of the Tarskian Schema, 251 
  that is, to prevent the sentences of the language from talking about their own truth, 251 
Liar Sentence , 251–52 
 is any sentence  that affirms of itself that it is not true, 251–52 
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 A contradictory biconditional can be generated from the Tarskian Schema by instantiating it 
for, 251–52 

 the contradictory biconditional is “ is true iff  is not true,” 251–52 
 the laws of classical logic must hold, 251 
Lindenbaum, Adolf, 148 
Lindenbaum’s Lemma, 148, 150, 152, 154, 156–57 
 is the 1st stage in proving the Completeness Theorem, 150 
 asserts: every consistent set can be extended into a maximal consistent set, 150, 156 
Lindenbaum’s Theorem, 148 
Lindström, Per, 87 
Lindström’s Theorem, 87 
Linear ordering of a set, 125, 132–34 
 is asymmetric, connex, and transitive, 125 
Linguistics, xii, xv 
List of names (LN), 11, 14–15, 19–20, 23, 26–29, 142–43, 153, 162, 184, 186, 224, 244, 266–68, 286, 

289 
 of Henkin Interpretation (H∑), 158–62, 184 
 of a modified Henkin Interpretation (H∑), 162 
 Name in, 184, 224 
 of the structure of the natural numbers (N), 224, 244, 286 
 Uncountable, 29 
Listing function (see also semidecidable set), 206–09, 217 
 of K, where K  ℕn, is a partial numerical function K that assigns 1 to every mሬሬሬ⃑   K, and is 

undefined otherwise, 205–07 
 K is semidecidable iff K is computable, 206–09, 217 
 K is computable iff there is a Turing machine TK that computes K, 207, 209 
 a set whose listing function is partial recursive is called “recursively enumerable,” 208, 217 
Löb, Martin Hugo, 282 
Löb’s Theorem, xv, 282, 286–87 
 asserts: for every X, if provXX is a PA theorem, X is also a PA theorem, 282 
 it is assumed that there is a PA proof of provXX, 286 
 Diagonalization Lemma, xiii, 238, 240, 245–46, 252, 275, 280, 286 
 one-variable formula prov[y]X, 286 
  there is an AV sentence  such that PA |– (provX), 286 
 there is a PA proof of (provX), 286 
 the set of PA axioms invoked in a PA derivation, 286 
Logic fiction, 60–61 
Logical concept(s), xi, xiv, 31–41, 45, 87, 181, 256–57 
 of contingent sentence, 256 
  is neither decidable nor semidecidable, 256 
 of contradictory sentence, 256 
  is undecidable but semidecidable, 256 
 of invalid argument, 257 
  is neither decidable nor semidecidable, 257 
 non of the 8 logical concepts is decidable in PL, 255–57 
 in Number Logic (see also Number Logic), 181 
 of satisfiable set, 257 
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  is neither decidable nor semidecidable, 257 
 of unsatisfiable set, 257 
  is undecidable, but semidecidable, 257 
 of valid argument, 257 
  is undecidable, but semidecidable, 257 
 of valid sentence, 255–56 
  is undecidable, but semidecidable, 255–56 
Logical consequence, xii, 31, 34, 43–44, 64, 87–88, 122, 140, 143, 148, 164–67, 169–71, 181, 185–86, 

223, 226, 265–68, 270–71, 281, 284 
 is equivalent to derivability in PL, 44 
 is equivalent to validity (of arguments), 31 
 is formalizable in PL, 44 
 if  |=PL X,  |=NL X (see also Number Logic), 184 
 in PL2 (|=2) (see also Second-Order Predicate Logic), 44, 44, 263, 265–68, 270–71 
   |=2 X iff X is true on every second-order model of  that is relevant to X, 265 
  is not equivalent to derivability (|–2), 263 
  is not formalizable, 44 
 of a set of PL sentences, 88, 139, 141–44, 170–72, 175–76, 181, 185–86, 223, 226 
 Well-defined, 164 
Logical derivation(s), 82, 254–56 
 is a PL derivation without premises (from ), 82, 254–56 
 The set of all (LD), 255–56 
  is decidable, 255 
Logical identity (sentential connective), 110, 113 
 Truth table for, 110 
Logical operators, 5, 121–22 
Logical possibility, xii, 12, 73 
Logical symbols, 1–2, 5, 28, 62–63, 115, 123 
 are defined by giving their introduction and elimination rules, 63 
 are defined semantically, 63 
 Formal approach to, 63 
 Meaning of, 63 
 Semantical approach to, 63 
Logical system, 44, 61, 87–88, 126, 164–65, 181, 186, 265 
 Austere conception of, 87 
  depicts a logical system as consisting of a formal language and rules of inference, 87 
 the Compactness Theorem holds for any logical system that has a well-defined notion of logical 

consequence, whose derivations are finite sequences, and that has a sound and complete 
proof theory, 186–87, 265–66 

 might consist only of syntax and semantics, 87 
 Incomplete (see also Second-Order Predicate Logic), 265–66, 270–72 
 Symbolic, 87 
Logical theorem(s), 45–47, 82, 161, 173, 185, 254–56 
 is derivable from the empty set , 82, 174, 185 
 The set of all (Th()), 174, 254–56 
  is semidecidable, 174, 255–56 
  is undecidable (see also Church’s Undecidability Theorem), 174, 255–56 
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 is true on every PL interpretation that is relevant to it, 140 
Logically equivalent sentences, xiv, 37–38, 45, 66, 76, 92–93, 109, 122, 127, 180, 182–83, 257 
 The concept of, 257 
  is undecidable, but semidecidable, 257 
Logically false sentence, 35, 174 
Logically true sentence, 34, 174 
Loop(s), 74–76, 211–12 
Löwenheim, Leopold, 177 
Löwenheim-Skolem Theorem, xi, 177–79, 289 
 asserts that every satisfiable PL set has a countable model, 177, 179 
 entails that the concept of the uncountable is indefinable in PL, 178 
 entails that there is no satisfiable PL set whose models are all uncountable, 178 
 Philosophically significant implication of, 178 
 Proof of, 177 
Lowes, Tara, xvi 
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Material conditional (, ), 5, 8, 17, 20, 25, 42, 49–52, 63, 88, 93, 108, 112–14, 116, 140–41, 152–53, 

160, 182–83, 190, 234 
 Antecedent of, 8, 17, 20, 25, 33, 42, 51, 183 
  Contradictory, 60 
 Consequent of, 8, 20, 25, 33, 50–51, 183 
 is expressible in terms of {} and {}, 114–15 
 formation rule, 234 
 Prefix of (C), 113 
 is true if its antecedent is false, 60 
 Truth conditions of (see also truth conditions), 22, 60, 88, 141, 153, 160 
 Truth table for, 24–25, 60, 112 
Material Conditional (rule of inference; MC), 50, 58, 159 
Material implication. See material conditional. 
Material nonimplication (/  ,    / ), 112, 114 
 Truth table for, 112 
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Mathematical constructions, 190 
Mathematical induction, xiv, 94, 127, 139, 151, 159, 169, 260, 262 
Mathematical sophistication, xi, xiii, xv 
Mathematical structure, 90 
Mathematical theory, xii-xiii, 245 
Mathematics, xi, 94, 263, 272–75 
 Foundations of, 94, 273 
  Hilbert’s Program in, 273–75 
 Hilbert’s philosophy of, 272–75 
  is called instrumentalism, formalism, and finitism, 273 
  posits two types of mathematics: finitary and ideal, 272–73 
Maximal consistent PL set, 149–50, 152–54, 156–57, 160–61, 180 
Maximal PL set , 149–50, 152–53, 161, 169 
 is such that for each X, either X   or X  , 149, 169 
MDS rules of inference, 115–16, 140, 235–36, 248–49, 255, 277 
 Conclusions of, 140 
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 are derivable from the DS rules of inference, 126 
 Deriving Biconditional Elimination from, 119–20 
 Deriving Biconditional Introduction from, 119 
 Deriving Conjunction Elimination from, 117 
 Deriving Conjunction Introduction from, 116 
 Deriving Disjunction Elimination from, 118 
 Deriving Disjunction Introduction from, 117–18 
 Deriving Existential Elimination from, 121 
 Deriving Existential Introduction from, 120 
 Deriving GDS rules of inference from, 116–21 
 Deriving Modus Tollens from, 116 
 are included in the NDS rules of inference, 121 
 NDS rules of inference are derivable from, 121 
 are Nine, 115 
Membership (), 94, 125, 133–34, 153, 156, 189–90, 192, 206, 225, 230, 237, 247–49, 255–56, 271–72, 

284 
 -minimal element, 131, 134–35 
 Circular, 97 
  Some versions of set theory allow, 97 
  ZFC does not allow, 97 
 holds between a set and its members, 94 
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Mendelson, Michael, xvi 
Mental representation, xii 
Metalanguage, 1–2, 16, 228 
Metalogic, xii, xiv-xvi, 34–35, 38, 40, 45, 87, 89, 144, 174, 238 
 is the metatheory of a logical system, 87 
Metatheorems, xiv, 31, 87–90, 92, 94, 109, 121–23, 174, 179 
 are the theorems of the metatheory, 87 
Metatheory, 3, 60, 87–89, 94, 174, 231–32, 234–35, 252, 274, 280 
 of classical logic, 60 
  its connectives and quantifiers have the same truth conditions as their formal counterparts, 

60, 88 
 contains counterparts of the NDS rules of inference, 89 
 of First-Order Predicate Logic, xi-xiii, 87–88, 90, 94, 174 
  is arithmetizable, xiv, 174, 231–35 
 Language of, 3, 88–89 
  has linguistic counterparts of PL linguistic categories, 88 
 of Peano Arithmetic, 231–32, 235, 252, 280 
  is arithmetizable (see also arithmetization of Th(PA) metatheory), 231–35 
Mini Deduction System (MDS), 115, 122–23, 126 
 is complete, 126 
 is decidable, 236 
 is equivalent to the Natural Deduction System (NDS), 121 
 is sound, 139 
 Soundness and completeness of, 122 
  entail the soundness and completeness of NDS, 122–23 
Minimality of an element in a set, 131, 134 
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Model(s), 23, 31, 33, 38, 40, 60, 64–65, 76, 126, 137, 140, 143–44, 157, 161–62, 165, 171, 176–79, 181–
82, 184–87, 225–26, 244–45, 250, 254, 260–64, 266–67, 269, 280–83, 286, 289 

 all models of PA2 are isomorphic to N2, 260–61, 263–64, 269 
  all these models exhibit the same structure, 262–63 
 of a collection of sentences, 88, 139, 141–44, 157, 166, 171, 175–76, 178, 180, 182, 184–86, 225, 263 
 Countable, 177–79 
  is of size ≤ 0, 179 
 Countably infinite, 176, 178, 182 
  is of size 0, 182 
   if a PL set has a model of size 0, it has a model of size ≥  for each infinite , 182 
 there are elementarily equivalent models that are not isomorphic, 179 
 Finite, 137, 181–82, 187 
  all finite models of {(x)Px} that are elementarily equivalent with respect to Voc((x)Px) are 

isomorphic, 182, 187 
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 Infinite, 65, 76, 178, 181, 185 
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 N is a model of PA, 225–26, 243–44, 260, 280 
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 N is a model of ThAV(N), 227, 243, 245, 249–50, 263, 282–83, 287, 289 
 N is not a model of any -inconsistent AV theory, 281, 286 
 Nonstandard, xv, 263, 283, 289 
  are very different structurally from the standard model, 263, 283 
 A PL set that has arbitrarily large finite models has an infinite model, 181 
 Second-order, 260, 263, 265, 267 
 there is a sentence that has a model of every positive even size but no models of odd sizes, 126, 

137 
 Size of, 137, 181–82, 184–85 
 standard model N2 of Th(PA2), 263, 266, 268, 269 
 Uncountable, 178–79 
  is of size > 0, 179 
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 is a branch of the metatheory, 88 
 studies the semantics of a logical system, 88 
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 Antecedents of (Y and YZk), 140 
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 is sound, 140–41 
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 the product of d and k (Prod(d, k)), 215–16, 218–19 
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 Recursive definition of, 225 
 Standard mathematical symbol for (), 90, 215 
n-tuple(s), 12–13, 15, 23, 96, 99, 131–32, 158, 162–64, 167, 190, 203, 206, 208, 230 
 Components of, 95 
 Coordinates of, 12–13, 95–96, 99, 132, 203 
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168, 177–78, 180, 184–87, 224, 251, 258, 261, 266–67, 286, 288–89 
 Ambiguous, 14 
 Arbitrary, 56, 121, 142, 147, 154–56 
  does not occur in any premise or undischarged assumption listed at or prior to its line, 142 
 of Henkin Interpretation (H∑), 158, 162 
 Metalinguistic, 154–56, 232 
  c names are, 154–55 
  c names stand for  names, 154–55 
  are generated by enclosing object-language expressions with single quotation marks, 232 
 Non-PL, 11, 28–29, 154, 181 
   names are, 154–56 
  -names are, 181, 185–86 
 Non-referring, 14 
Natural Deduction System (NDS), xi, xiv, 43–44, 52, 61–63, 109, 115, 122–23, 185 
 is equivalent to the Gentzen Deduction System (GDS), 63 
 is equivalent to the Mini Deduction System (MDS), 121 
 is introduced as the deduction system of NL (see also Number Logic), 185 
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 is sound in PL, 185 
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103, 106–07, 124–25, 127–31, 136, 151–52, 174, 181–82, 185–86, 189–90, 192, 206–07, 214, 224, 226,  
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 AV numerals are formal copies of (see also representability in Peano Arithmetic), 228–30, 235, 244, 
266, 288 

 every nonempty collection of natural numbers has a smallest member, 90 
 Fixed, 215 
 n-tuples of, 189–90, 193, 203, 206, 208–09 
  can be encoded as single natural numbers, 206 
  mന  is an n-tuple all of whose coordinates are m, 209 
  The set of all (ℕn), 206–09, 213, 230–31 
   there are effective procedures for enumerating the members of ℕn, 207 
   A subset of (K  ℕn), 207–08, 213, 230–31, 260, 273, 288 
    is representable in Th(PA) iff its characteristic function is representable in Th(PA), 231, 
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 Set of all (ℕ), 21, 37, 71, 90, 96, 99–104, 106, 108, 125, 131, 150, 179, 181, 185–86, 205–08, 213, 217, 

224, 229 
  Cardinality of (0), 21–22, 64, 101, 103–06, 177, 182 
   is the smallest infinite cardinality, 21, 101, 103–04 
  is discrete, 106 
  is equinumerous with the set of even natural numbers (E), 103 
  Infinite subsets of, 21, 103–04 
   have the same cardinality as ℕ (0), 103 
  naturally ordered by <, 90 
   properties of < on ℕ, 90 
  The set of AV numerals mirrors (see also representability in Peano Arithmetic), 228–29, 234, 244, 

288–89 
  Subsets of, 103, 208, 230–32, 234 
   mirror sets of grammatical AV expressions, 231–32, 234 
 Single, 193, 206 
NDS rules of inference, 43–45, 49, 59, 63, 89, 109, 115, 185 
 are adequate, 44 
 are derivable from the MDS rules of inference, 115 
 are derivable from the standard (GDS) rules of inference, 61, 63, 115 
 Infinite possible combinations of, 89 
 are justified by invoking truth conditions, 63 
 are part of the logical resources of the metatheory, 89 
 are truth-preserving, 43, 44 
Negated Biconditional (rule of inference; NBc), 59 
Negated Conditional (rule of inference; NC), 58 
Negated Quantifier (rule of inference; NQ), 59, 280 
Negation (, ~, –), 5, 8, 32, 35, 37–38, 40, 45, 49, 58, 62, 81, 88, 93, 95, 110, 113–16, 144, 149, 153, 159, 

161, 169, 191, 223, 227, 234, 243, 246, 263–65, 273, 282–83, 286, 288 
 is expressible in terms of {} and {}, 114–15 
 formation rule, 234 
 Truth conditions of (see also truth conditions), 22, 88, 153, 159 
 Truth table for, 24, 110 
Negation Elimination (E), 62, 116 
 is the second part of the traditional rule Reductio Ad Absurdum (RAA), 62 
Negation Introduction (I), 62, 116 
 is the first part of the traditional rule Reductio Ad Absurdum (RAA), 62 
No-procedure, 41, 173 
Non-zero stages, 43 
Nonempty set, 31, 101, 125, 128–29, 131, 133, 156, 162, 180, 186 
Nonstandard models of Arithmetic, xv, 263, 283, 288–89 
 Arithmetic is the complete satisfiable AV theory ThAV(N), 227, 249, 250, 282–83, 288 
  ThAV(N) is the theory that consists of all AV sentences that are true on N, 223, 228, 260, 272, 

281–83, 288 
 AV is the standard arithmetical vocabulary, 223, 228, 260, 272, 281–83, 288 
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  AV consists of the PL logical vocabulary and the extra-logical vocabulary: 0, s, +, and , 223–
24, 232, 260, 271, 288 

  AV numerals formalize the natural numbers, and are defined as k = sk0 where k is any 
natural number, 228–29, 234–35, 244, 288 

 AV+ is AV plus the single name c, 288 
   = {c ≠ n: n is a natural number}, 288 
   is countably infinite, 288 
 are models of ThAV(N) that are not isomorphic to N and whose cardinality is 0, 283, 289 
  such models of ThAV(N) and Th(PA) establish that these theories are not 0-categorical, 289 
 N assigns the number k as referent of k, 288–89 
 N is the standard model of Arithmetic, 263, 280, 283, 289 
  = ThAV(N), 288 
  is finitely satisfiable, 288 
 hence,  is satisfiable, 289 
   has a countable model M, by Löwenheim-Skolem Theorem, 289 
   M is also a model of ThAV(N), 289 
    thus, M is countably infinite, 289 
 Q is true on N iff it is true on M; therefore, N and M are elementarily equivalent, 289 
 R is one-to-one correspondence been M (UD of M) and ℕ (UD of N), 289 
  R cannot be an isomorphism between M and N, 289 
   hence, M is a countably infinite model of Arithmetic that is not isomorphic to N, 289 
   therefore, M is a nonstandard model of Arithmetic, 289 
Normal rules of inference, 47–50, 52, 59–60, 140, 143 
 must be applied within open blocks, 49, 52, 140 
 can only be applied to whole lines, 50 
 are truth-preserving, 60 
Notation, 183, 203, 222, 228–29 
 Defined, 108–09, 228–29 
  is a metalinguistic symbol that abbreviates a string of symbols of the object language, 228–29 
 Set-theoretic, 139 
 Standard arithmetical, 215, 224 
  yields (x + y) instead of +xy, and (x  y) instead of xy, 224 
 Sx replaces S(x), 224 
 Vector, 203, 206 
  mሬሬሬ⃑  = m1, m2,…, mn, 203, 206 
  mന  = m, m,…, m, 203, 209 
Number(s), 2, 4, 7, 21, 37, 40, 92, 94, 101–02, 107, 129, 135, 156, 189, 191–92, 206 
 The anti-diagonal, 107 
Number Logic NL, 181, 185–87 
 An argument valid in PL is valid in, 185 
 Compactness Theorem fails for, 186 
 Contradictory sentences in, 185 
 derivations, 181 
 Infinite sets in, 181, 186 
  {a ≠ n : n  ℕ}, 181, 186 
   Finite subsets of, 186 
   Ña is a logical consequence of, 181, 186 
 interpretation, 181, 185–86 
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  assigns n as the referent of n, 181, 185–86 
  assigns ℕ as the extension of Ñ, 181, 185–86 
  every NL interpretation is infinite, 185 
  every NL interpretation is a PL interpretation, 185 
  List of Names of, 181, 186 
   includes the new -names, 181, 186 
  Universe of Discourse of, 181, 186 
   includes ℕ, 181 
 Logical concepts in, 181 
  are defined as in PL, 181 
 Names of, 181 
  include infinitely many new names (-names), 181, 186 
 NDS is the deduction system of, 185 
  there is a logical consequence of  in NL that is not derivable from  in NDS, 185 
  NDS is sound but incomplete in NL, 185 
 Proof theory of, 181, 185–87 
  if derivations are finite sequences, NL cannot have a sound and complete proof theory, 181, 

187 
  if NL proof theory is that of PL, then it is sound but incomplete, 181, 185 
 A sentence of the form Ñn is valid in, 185 
 Sentences of, 185–86 
  A set of, 186 
 Valid sentences of, 185–86 
 Vocabulary of, 181 
  contains an additional predicate Ñ, 181 
Number theory, xi, 172, 223, 250, 254 
 is any axiomatizable AV theory of which N is a model, 250 
 Finitely axiomatizable, 252–54 
  in which all recursive functions are representable is required for a proof of Church’s 

Undecidability Theorem, 254 
 Infinite set of axioms of, 172, 223–24, 252 
 no number theory is complete, 250 
 Peano (Th(PA)), 223 
Numerical code(s), 190–92, 206–07, 209–13, 219, 231–32, 235–36 
 of AV expressions, 232–33, 235 
 Basic, 190–91 
  for SL basic vocabulary, 190–91 
  for SL basic vocabulary are all the prime numbers, 191 
  for SL sentence letters are the prime numbers after 7, 191 
  for Turing machine basic symbols, 209–10 
 basic numbers, 232–34 
  are the codes of AV basic vocabulary, 232 
  are odd natural numbers, 232–33 
 Encoding procedures for AV terms, AV formulas, AV sentences, and PA proofs ensure that 

every item receives unique, 235 
 gödel numbers, xiii, 232–40, 245–50, 256, 272, 275, 277, 282–83, 285 
  in decoding gödel numbers, when prime factorization halts, the basic numbers are decoded, 

233 



 46

  are even natural numbers, 233 
 of partial recursive functions, 219 
 powers of prime numbers are the numerical codes of SL expressions, 191 
 prime numbers are placeholders for the symbols, 191 
 SENTSL consists of the numerical codes of all SL sentences, 192 
 SENTSL is decidable, 192 
 SENTSL is the numerical counterpart of SentSL, 192 
  SentSL consists of all SL sentences, 190 
  SentSL is decidable, 192 
 of sequences of AV sentences, 235 
 of an SL compound sentence is a composite number, 191 
 of an SL sentence X is [X], 191–92 
 TERM is the arithmetical analogue of the set of all AV terms, 232 
 TERM consists of the numerical codes of all AV terms, 232 
  these codes are decoded by reversing the encoding procedure, 233 
  encoding and decoding for AV terms are effective procedures, 232, 235 
  examples of encoding and decoding AV terms, 233 
 of Turing machine instruction lines, 210 
 of a Turing machine T is [T], 210–12 
Numerical function, 203, 205–07, 209–10, 213 
 Partial, 203, 205–06, 213 
  F from ℕn into ℕ assigns to every n-tuple at most one value, 203, 205–06, 213 
   if F assigns no value to m1,…,mn, we say F(m1,…,mn) is undefined and write F(m1,…,mn) = 

, 203 
   if F assigns a value to m1,…,mn, we say F(m1,…,mn) is defined and write F(m1,…,mn) = , 

203 
  F my also be defined as dom(F)  ℕn, 203, 213 
 Strictly partial, 203, 213 
  is defined as dom(F)  ℕn, 203, 213 
 Total, 203, 205–07, 210, 213 
  is defined as dom(F) = ℕn, 203, 206, 213 
Object(s), 2, 32, 37, 41, 88, 94–95, 97–98, 101, 103–04, 128–29, 151, 173, 178, 189, 230, 256–57 
 Arbitrary, 32, 37 
 First-order, 257 
 Proof-theoretic, 88 
 Second-order, 257 
 Set-theoretic, 94–95, 97–98, 101, 103–04, 128–29, 151, 178–79, 189, 230 
Object language. See language. 
Odd natural number(s), 104, 126, 137, 229, 232–34 
 Set of all (O), 104 
  Cardinality of (0), 104 
The -rule of inference, 269–70, 281 
 Antecedents of, 269–70 
  are the 7 PA2 axioms and all PL2 sentences of the form X[sk0] where k is any natural number, 

269–70 
 must be applied fully within an open block, 269 
 Conclusion of, 269 
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  is a sentence of the form (z)X, 269 
 There is an effective decision procedure for determining the applicability of, 269 
 is truth-preserving, 270 
One-to-one correspondence, 100–01, 103–06, 108, 137, 150, 167, 179, 187, 262, 289 
One-variable formula(s), xiii, 224, 226, 230, 233–34, 238–42, 246, 250–52, 260, 280–81, 283, 286, 288 
 contains precisely one free variable, 224 
 Diagonal instances of, xiii, 239 
 are required for the Induction Schema (IS) of Peano Arithmetic, 224 
 Substitutional instance of, 19–20, 23, 26–27, 29–30, 32, 35–38, 40, 71–72, 136, 142–43, 153–57, 160–

61, 183, 239, 244, 259 
Operations, xiii, 88, 90, 96, 100–01, 105, 124, 129, 194–95, 213–17, 232, 234–35 
 Arithmetical, 88, 90, 232, 234–35 
 Recursion, 213–17 
 Set-theoretic, 88, 96, 100–01, 105, 124, 129 
 some operations generate multiple outcomes when applied to a single object, 129 
 Turing machine, 194–95 
Ordered pairs, 12–13, 15, 23, 72, 74, 76, 95–96, 98–99, 132–33, 168, 184, 189, 235–39, 272–73, 280, 

285 
 Coordinates of, 12, 95–96, 98, 132–33, 183 
 Sets of, 12, 15, 23, 72, 74, 96, 98, 132–33, 184, 189, 235, 272–73, 285 
Ordered triples, 12–14, 95, 183 
 Coordinates of, 13, 183 
 Sets of, 98 
Ordering relations, 91, 102 
Ordinal(s), 125, 133–34 
 The class of all (Ord), 125 
  is not a set, 125 
 A member of an ordinal is, 125, 134 
  is, 125 
 The successor of an ordinal is, 125 
 is a transitive set that is well-ordered by , 125, 133–34 
Paradox, 97–98, 179, 251 
Parentheses, 1, 10, 28, 124, 148, 223, 261 
 Outermost, 10 
  The convention of dropping, 10 
Partition, 96, 137, 162, 178 
 cardinality of a partition of a set ≤ cardinality of the set, 177–78 
 of ℕ, 96 
 of a nonempty set A, 177 
  is an exhaustive pairwise disjoint family of nonempty subsets of A, 177–78 
 of the set of all PL+ singular terms, 162 
Peano, Giuseppe, 223 
Peano Arithmetic Th(PA), xiii-xiv, 90, 223, 226–28, 230–35, 237–40, 242–43, 245–54, 257, 260, 263, 

265, 271–78, 280–83, 285, 288–89  
 AFORM is the arithmetical analogue of the set of all AV atomic formulas, 233 
 AFORM consists of the gödel numbers of all AV atomic formulas, 233 
 AFORM is a recursive set, 233 
 AFORM is represented in Th(PA) by the  AV formula aform[x], 233 
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 All recursive functions, sets, and relations are representable in, xiii, 229, 231, 246, 248, 250, 252, 
288 

 The axioms of, 90, 172, 223–27, 235–36, 249, 252–53, 260, 274 
  The set of (PA), 223–30, 233, 235–44, 246, 248, 252–53, 260, 265, 272–76, 278, 281–83 
 The background logic of, 229 
  is the economical version of PL, 229 
  its rules of inference are those of the full version of PL, 229 
 Consistent extension of, 248, 250 
  is any consistent AV theory that includes Th(PA), 248 
 consists of all logical consequences of PA that are composed of Voc(PA), 223, 226 
 consists of all theorems of PA that are composed of Voc(PA), 223, 226, 242, 248 
 D  ℕn is representable in Th(PA) iff its characteristic function is representable in, 231, 233 
 Definition of the concept of representability in, 230–31 
  an n-place relation on ℕ that is representable in Th(PA), 230–31, 237, 272 
  a subset of ℕ that is representable in Th(PA), 230–31, 233 
  a total function from ℕn into ℕ that is representable in Th(PA), 230–31, 239 
   these definitions indicate a relationship between membership in a set and provability in 

Ph(PA), 230 
   these sets are represented in Th(PA) by AV formulas, 230 
 there is an effective Yes-procedure for determining membership in, 248–49 
 every finitary proof is formalizable as a PA proof, 274 
 has an infinite set of axioms (PA), 223–24 
  Dedekind described a close version of the axioms, 223–24 
  Peano described the axioms, 223–24 
 Language of, 233, 235, 242 
 Metatheory of, 231–32, 235, 252, 280 
  is arithmetizable  (see also arithmetization of Th(PA) metatheory), 231–35 
 Since N is a model of PA, it is a model of, 226, 245 
 new -rule of inference: if X[n] is a PA theorem for each n, (z)X[z] is a PA theorem, 281 
  it is invalid for Th(PA), 281 
  is a PL theory whose vocabulary includes AV: if  is consistent but -inconsistent, the new 

-rule is invalid for , 281 
 is a paradigm of an axiomatic system, 227 
 Proof(s) of (PA proofs), 235–38, 242, 248, 272, 274, 278, 283, 285–87 
  The arithmetization of, 235–38 
   sequences of AV sentences can also be encoded into gödel numbers, 235 
  Conclusions of, 235–36, 248 
  encoding procedures for the various AV syntactical categories and PA proofs ensure that 

every item receives a unique numerical code, 235 
   these procedures and their associate decoding procedures are effective, 235 
  is a finite sequence D of AV sentences, 235–36, 248 
  is a PL derivation D of an AV sentence X from PA, 235–36, 238, 242–44, 248, 272, 277–78, 283, 

286–87 
   every sentence in D is either a PA axiom or is introduced by an MDS rule, 236 
   the terminal sentence of D is X, 236 
  PROOF is the arithmetical analogue (PROOF  ℕ2) of the set of all PA proofs of AV 

sentences, 235, 237, 272, 283, 285 



 49

   m, k  PROOF iff m is the gödel number of an AV sentence X and k is the gödel number 
of a PA proof of X, 235, 237, 272, 285 

  PROOF can be constructed directly as an arithmetical relation, 237 
   in this case it can be proved to be recursive without invoking Church’s Thesis, 237 
  PROOF is proved to be recursive by invoking Church’s Thesis, 235 
   there is an effective decision procedure for determining whether a sequence D is a PA 

proof of X or not, 235–36 
   this procedure together with the procedure for decoding gödel numbers yields an effective 

decision procedure for determining membership in PROOF, 236 
   thus, PROOF is decidable, 236 
    by Church’s Thesis, its characteristic function is Turing-computable, 236 
  PROOF is a recursive relation, 235, 237 
  PROOF is represented in Th(PA) by an AV formula proof[x, y], 237–38, 242, 244, 272, 275, 277, 

280, 285 
   hence, if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 

237, 272 
   since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237 
 Proof theory of, 232 
 is a proper subset of Arithmetic ThAV(N), 245, 280 
 Properties and relations of natural numbers have counterparts in (see also representability in 

Peano Arithmetic), 229 
  for all AV terms t and s, t < s and t ≤ s can be defined in Th(PA), 229 
 Provability in, xiii, 230, 237–38, 242–44, 246, 272, 275–78, 280, 282 
  an AV sentence X is provable in Th(PA) iff there is a PA proof of X, 237–38 
  an AV sentence X is provable in Th(PA) iff it is a theorem of PA, 237 
   Th(PA) consists of all AV sentences that are provable in Th(PA), 237 
  PROV is the arithmetical analogue of Th(PA), 237 
  PROV consists of the gödel numbers of all theorems of PA, 237 
   b  PROV iff there is k such that k, b  PROOF, 237 
   the definition of PROV is not an effective decision procedure for membership in PROV, 237 
   the effective procedure for PROV’s membership is only a Yes-procedure, 238 
   the listing function of PROV is computable, 238 
  PROV is not recursive but only recursively enumerable, 237, 246 
   PROV can be enumerated as an infinite list, 238 
  PROV is not representable in Th(PA), 238, 246 
  prov[y] is defined as (x)proof[x, y], 238, 242, 272, 277, 280 
   if k  PROV, PA |– prov[k], 238 
  PROV’s definition involves an unbounded existential quantifier (“there is k”), 237 
  the unbounded quantifier is the source of the problem: if there is no k, it cannot be known 

that b  PROV, 237 
   if the existential quantifier is bounded, there would be an effective decision procedure for 

membership in PROV, 238 
   in this case, PROV would be decidable, recursive, and representable in Th(PA), 238 
   in PROV’s definition the existential quantifier is essentially unbounded, 238 
 the question of Th(PA)’s completeness is equivalent to the question of PA’s completeness, 227 
  the question is whether for every AV sentence X, PA |– X or PA |– X, 227 
   Gödel proved that Peano Arithmetic is incomplete, 227, 241–43  
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   Gödel proved that there is a sentence GPA such that PA |–/  GPA and PA |–/  GPA, 227, 241–44 
   GPA is true on N, 227, 243–45, 280 
    in PL, PA |=/ GPA and PA |=/ GPA, 243 
   hence, there are models I and J of Th(PA) such that I makes GPA true and J makes it false, 

243 
   these models are not elementarily equivalent, 243 
   also, they are not isomorphic, 243 
   Th(PA) is not categorical, 243 
    every incomplete consistent PL theory is not categorical, 243 
   Th(PA) is not 0-categorical, 243 
    a number theory is an axiomatizable theory of which N is a model, 250 
     no number theory is complete, 250 
 Representability in (see also representability in Peano Arithmetic), 228–31, 234–35 
 is semidecidable, 248–49 
 Standard consistency of, 274, 276, 278 
  the Second Incompleteness Theorem asserts informally that if PA is consistent, it is 

impossible to prove its consistency from PA, 272, 274 
   the standard PA consistency sentence is CONs, 276 
    it is defined as prov[c], where c is the gödel number of “0 = 1,” 276 
    it says “0 = 1 is not provable from PA,” 276 
    it says “PA is consistent,” 276 
  the Second Incompleteness Theorem’s first proof establishes: If PA is consistent, PA |–/  CONs, 

276 
   since PA has a model, PA |–/  CONs, 276 
   prov0 = 1 is a PA consistency sentence, 278 
  the Second Incompleteness Theorem’s second proof establishes: If PA is consistent, PA |–/  

prov0 = 1, 278–80 
   since N is a model of PA, PA |–/  prov0 = 1, 280 
   prov0 = 1 is true on N but is not a PA theorem, 280 
  the second proof invokes the Provability Conditions as inference rules, 272, 275, 277–80 
  the second proof makes no use of the fact that prov[y] is a provability predicate, 280 
  the second proof requires only Provability Conditions, Diagonalization Lemma, and 

arithmetization of Th(PA) metatheory, 277, 280 
  if T is a consistent theory that has these resources, it would fail to prove a sentence expressing 

its consistency, 280 
 Syntax of, 232–35 
  Arithmetization of, 232–35 
   consists of the arithmetization of AV terms, AV atomic formulas, AV formulas, AV 

sentences, and PA proofs, 232–35 
  AV formulas are constructed from the atomic ones by finite applications of the negation, 

conditional, and quantifier formation rules, 233–34 
  is encoded into numerical codes, 231–32 
   the codes are called basic numbers and gödel numbers, 232–34 
  FORM is the arithmetical analogue of the set of all AV formulas, 234 
  FORM consists of the gödel numbers of all AV formulas, 234 
   the construction of FORM, 234 
  FORM is a recursive set, 234 
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  hence, FORM is represented in Th(PA) by an AV formula form[x], 234 
  representing the syntax of Th(PA) within Th(PA) via a 2-stage process, 232–35 
   1st stage is arithmetizing the syntax of Th(PA) into N, 232–35 
   2nd stage is representing arithmetical analogues of AV categories into Th(PA), 233–35 
   through this 2-stage process Th(PA) is made to “speak” about itself, 232, 234–35 
    example of this phenomenon, 235 
  SENT is the arithmetical analogue of the set of all AV sentences, 234–35 
   an AV sentence is an AV formula that contains no free variables, 234 
  SENT consists of the gödel numbers of all AV sentences, 234 
   the construction of SENT, 234 
  SENT is a recursive set, 234 
  hence, SENT is represented in Th(PA) by an AV formula sent[x], 234–35 
  TERM is the arithmetical analogue of the set of all AV terms, 232–33 
  TERM consists of the gödel numbers of all AV terms, 232 
  TERM is recursive, since its characteristic function is recursive, 233 
  term[x] is an AV formula that represents TERM in Th(PA), 233 
   if k  TERM, PA |– term[k], 233  
   metaphorically, Th(PA) says “k is the gödel numbers of one of my terms,” 233, 235 
  Th(PA) is made to “speak” about its own syntax, 233 
   example of this phenomenon, 235 
 Th(PA) can be made to “speak” about its metatheory, 232 
 since Th(PA) |–/  GPA and Th(PA) |–/  GPA, Th(PA) is incomplete, 243 
 ThAV(N) consists of all AV sentences that are true on N, 227, 243, 245, 249–50, 282, 287, 289 
  the concept of arithmetical truth that is definable in Th(PA), 250–52 
  the set of the gödel numbers of the members of ThAV(N) is representable neither in ThAV(N) 

nor in Th(PA), 250, 282, 287–88 
 a weaker condition for definability: any formula true[x] defines arithmetical truth only if it 

satisfies TS, 250–52 
  TS: for every AV sentence X, PA |– true[k]X, where k = [X], 251 
  ‘TS’ is an abbreviation for the “Tarskian Schema,” 251 
  TS is a formalization of Convention-T, 251 
  Tarski proposed Convention-T as a condition for the adequacy of any definition of truth, 251 
 is undecidable, xiv, 227, 248, 257, 272 
  for a consistent PL theory, the triad of completeness, axiomatizability, and undecidability is 

inconsistent, 175, 250 
  the First Incompleteness Theorem follows: since Th(PA) is axiomatizable and undecidable, it 

is incomplete, 250 
   every consistent extension of Th(PA) is undecidable, 227, 248 
 Vocabulary of (AV), 223–25, 227–28, 231–33, 242–43, 245, 260, 264, 271–72, 281–83, 285–86, 288–

89 
  AV extra-logical vocabulary is not part of PL standard vocabulary, 223–24 
  AV  AW, 264, 271 
  AW is the vocabulary of Second-Order Peano Arithmetic Th(PA2), 260, 263–64, 271 
  consists of PL logical vocabulary, one name 0, one 1-place function symbol s, and two 2-place 

function symbols + and , 223–24, 232, 260, 288 
  is described as the standard arithmetical vocabulary and is denoted as “AV,” 223, 228, 260, 

272, 278, 281, 283, 286 



 52

  PL expressions composed of AV are AV expressions, 223–25, 228, 232, 235, 288 
   AV atomic formulas, 233 
   AV formulas, 223–26, 229–30, 233–34, 237–40, 242, 251–53, 260, 272, 274–75, 277, 281–83, 285, 

288 
   AV sentences, 223, 225, 227, 234–37, 239–40, 242–46, 248–52, 255, 257, 264–65, 271–72, 274–

78, 282–83. 285–87, 289 
   AV singular terms, 228 
   AV terms, 229, 232–33, 235, 288 
    AV expressions are encoded into numerical codes called basic numbers and gödel 

numbers, 231–33 
    AV formulas represent in Th(PA) arithmetical sets, relations, and functions, 230, 233–35, 

237–39, 242, 252, 272, 274–75, 277, 283, 285 
    AV numerals are defined recursively: s00 = 0 and sn+10 = ssn0, 228–29, 266, 269, 288 
     their defined notation: n is sn0, 229, 235, 288 
   basic numbers are the codes of AV basic vocabulary, 232 
   basic numbers are odd and gödel numbers are even, 232–33 
    if  is an AV expression, its basic or gödel number is [], 232 
   the set of AV numerals mirrors ℕ (see also representability in Peano Arithmetic), 228–29, 234, 

244 
   there are sets of natural numbers that mirror sets of grammatical AV expressions, 232–38 
  PL sets composed of AV are AV sets, 223 
  PL theories composed of AV are AV theories, 223, 248–49 
Peano Axioms (PA), 223–30, 233–44, 246–49, 251–54, 257, 260, 265, 272–83, 285–87 
 are the following: 
 Ax1: (x)0 ≠ sx, 224–25, 228, 235, 260–61, 273, 280 
 Ax2: (x)(y)(sx = sy  x = y), 224–25, 228, 261 
 Ax3: (x)(x + 0) = x, 224–25, 262 
 Ax4: (x)(y)(x + sy) = s(x + y), 224–25, 262 
 Ax5: (x)(x  0) = 0, 224–25, 262 
 Ax6: (x)(y)(x  sy) = ((x  y) + x), 224–24, 260, 262 
  IS: If X[z] is an AV formula in which z is free, the following is a Peano Axiom: 

X[0]((v)(X[v]X[sv])(y)X[y]), 224 
  IS is an axiom schema that generates infinitely many axioms, 224–26, 253, 260 
  IS is the PL representation of the Principle of Mathematical Induction PMI, 224, 226 
  ‘IS’ stands for “Induction Schema,” 224, 226, 260 
 Finite subset of, 225, 240–41, 253–54 
 Gödel constructed an AV sentence that affirms the consistency of, 272, 274 
  His Second Incompleteness Theorem established that this sentence is not provable from PA, 

274 
 the question of Th(PA)’s completeness is equivalent to the question of PA’s completeness, 227 
  it was assumed previously that if X is true on N, PA |– X; and if it is false on N, PA |– X, 227 
  there was an expectation that if PA turns out incomplete, it must be replaced, 227 
  part of the expectation was that there should be a set of arithmetical axioms that can settle 

every relevant question, 227 
   a consequence of Gödel’s proof is that Arithmetic is not axiomatizable, 227 
   Gödel proved that this expectation could never be met, 227 
 the question is whether for every AV sentence X, PA |– X or PA |– X, 227 
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  Gödel proved that there is an AV sentence GPA such that PA |–/  GPA and PA |–/  GPA, 227, 242–
43 

 representing PA proofs in Th(PA), 235 
  conclusions of PA proofs, 235–36 
  encoding procedures for the various AV syntactical categories and PA proofs ensure that 

every item receives a unique numerical code, 235 
   these procedures and their associate decoding procedures are effective, 235 
   sequences of AV sentences can also be encoded into gödel numbers, 235, 238 
  PA proofs are finite sequences D of AV sentences, 235–36 
  PA proofs are PL derivations D of AV sentences X from PA, 235–36, 238, 248, 253, 272, 277, 

283, 286 
   every sentence in D is either a PA axiom or is introduced by an MDS rule, 235–36 
   the terminal sentence of D is X, 235–36 
  PROOF is the arithmetical analogue (PROOF  ℕ2) of the set of all PA proofs of AV 

sentences, 235, 272, 283, 285 
   m, k  PROOF iff m is the gödel number of an AV sentence X and k is the gödel number 

of a PA proof of X, 235, 272, 283, 285 
  PROOF can be constructed directly as an arithmetical relation, 237 
  PROOF in this case can be proved to be recursive without invoking Church’s Thesis, 237 
  PROOF is proved to be recursive by invoking Church’s Thesis, 235 
   the procedure for encoding PA proofs together with the procedures for decoding gödel 

numbers yields an effective decision procedure for determining membership in PROOF, 
236–37 

   PROOF is decidable, 236 
    by Church’s Thesis, PROOF’s characteristic function is Turing-computable, 236 
  PROOF is a recursive relation, 235–37, 242, 272 
  PROOF is represented in Th(PA) by an AV formula proof[x, y], 237–38, 242, 244, 272, 275, 277, 

280, 283, 285 
   hence, if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 

237, 272 
   since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237 
 representing provability in Th(PA), 237–38, 242–44, 246, 272, 275–78, 280, 282 
  an AV sentence X is provable in Th(PA) iff there is a PA proof of X, 237 
   Th(PA) consists of all AV sentences that are provable in Th(PA), 237 
  PROV is the arithmetical analogue of Th(PA), 237, 246 
  PROV consists of the gödel numbers of all PA theorems, 237, 246 
   b  PROV iff there is k such that k, b  PROOF, 237 
   the definition of PROV is not an effective decision procedure for membership in PROV, 237 
   the effective procedure for PROV’s membership is only a Yes-procedure, 238 
   the listing function of PROV is computable, 238 
  PROV is not a recursive set but only recursively enumerable, 237, 246 
   PROV can be enumerated as an infinite list, 238 
  PROV is not representable in Th(PA), 238, 246 
  prov[y] is defined as (x)proof[x, y], 238, 242, 272, 275, 277, 280 
   if k  PROV, PA |– prov[k], 238 
  PROV’s definition involves an unbounded existential quantifier (“there is k”), 237 
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  the unbounded quantifier is the source of the problem: if there is no k, it cannot be known 
that b  PROV, 237 

   if the existential quantifier is bounded, there would be an effective decision procedure for 
determining membership in PROV, 238 

   in this case, PROV would be decidable, recursive, and representable in Th(PA), 238 
   in PROV’s definition the existential quantifier is essentially unbounded, 238 
 The set of (PA), 223–27. 230, 234–36, 240–41, 243, 248, 252–54, 257, 260, 265, 272–76, 278, 281, 

285–86 
  An AV sentence asserting that it is a theorem of, 282 
  An AV sentence asserting that either it or its negation is a theorem of, 282 
  An AV sentence asserting that neither it nor its negation is a theorem of, 282 
  axiom schema IS is decidable, 225 
   the set of AV formulas X is decidable, 225 
   the set of AV sentences of the form X[0]((v)(X[v]X[sv])(y)X[y]) is decidable, 225 
  is decidable, 224–25, 236, 248, 257 
  There is an effective decision procedure for determining membership in, 225, 236 
  the set of Ax1-Ax6 is finite, and hence decidable, 225 
  Substantive supposition that is not part of the standard proof of the First Incompleteness 

Theorem is that N is a model of, 224–27, 237, 241, 243–45, 250, 260, 263, 276, 280–83, 288–89 
  The union PA{GPA} (PA+) is consistent but -inconsistent, 281, 285–86 
   if PA+ is inconsistent, PA |– GPA, contradicting the First Incompleteness Theorem, 285 
    hence, PA+ is consistent, 285 
    PROOF is the arithmetical analogue of all PA proofs of AV sentences, 235, 272, 283, 285 
    proof[x, y] represents PROOF in Th(PA), 237–38, 242, 244, 272, 275, 277, 280, 283, 285 
   PA+ |– proof[n, g] for each n, where g = [GPA], 286 
   PA+ |–  GPA(x)proof[x, g], 286 
   since PA+ |– GPA, PA+ |– (x)proof[x, g], 286 
   hence, PA+ is -inconsistent, 286 
 Theorem(s) of, 223, 226, 230, 237, 240, 242, 248, 253, 272–78, 280–82 
Peirce’s Arrow (), 111, 113–14 
 its expansion in terms of {, }, 114 
 Expansions in terms of, 114 
 Truth table for, 111 
Philosophy, xi-xii, xv-xvi, 2, 5, 25, 30–31, 48, 60–61, 63, 89–90, 97, 102–03, 165, 178, 204, 263, 272–
75, 277 
Physical possibility, 73 
PL interpretation(s), xiv, 4–5, 10–16, 18–19, 21–22, 24, 26–39, 41–43, 45–47, 59–61, 64–65, 69–72, 74–

77, 126, 135, 137, 140, 142, 148, 166–71, 179, 183–85, 224, 229, 244, 267, 289 
 Constituents of, 11, 167, 169, 176 
 Every NL interpretation is, 185 
 Finite, 21, 64, 137, 178 
 Infinite, 21–22, 64, 74 
 Language of (see also language), 14, 29 
 Linguistic component of, 10, 28 
 has its own language, 29, 154 
 for (relevant to) a PL sentence, 11, 141–42, 144, 171 
 for (relevant to) a set of PL sentences, 11, 28–29, 142, 167, 171, 180, 183 
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 Size of, 21–22, 64, 71, 184–85 
 of size 1, 185 
 of size 2, 185 
 that is a standard interpretation of arithmetic (N), 224–25, 227, 241, 243, 250, 254, 260, 262–63, 

280–83, 288 
  there is an -consistent extension of Th(RA) of which N is not a model, 282 
 Structurally identical, 167, 169, 187 
 Uncountable, 22, 28–29 
PL set(s), 14, 45, 122–23, 148–52, 164–66, 169–70, 172, 174–79, 181–82, 188, 223, 226, 241, 256, 280–

82, 185–86, 288–89 
 Finite, 184, 188, 227 
  The conjunction of the members of, 188 
 -consistent, 241–43, 282–83, 286 
  every -consistent PL set is consistent, but the converse is not true, 241 
  there is an -consistent extension of Th(RA) of which N is not a model, 282 
  a PL set that is consistent but not -consistent, 242, 281, 285–86 
   PA{GPA} is consistent but -inconsistent, 281, 285–86 
  a PL set  is -consistent iff there is no formula X[z] composed of Voc() such that  |– X[n] 

for each n, and  |– (z)X[z], 241 
  a proof that if  is inconsistent, it is -inconsistent, 242 
 Properties of, 169, 226 
PL syntactical (linguistic) categories, xii-xiii, 2, 88, 233–34 
PL theory(-ies), 94, 169–76, 179, 182, 223, 227, 242–43, 245–50, 252, 254–55, 274, 280–83, 285–87 
 in which all recursive functions are representable, xiii, 228–29, 231, 245–48, 250, 252–55, 282, 288 
 AV, 227, 242–43, 245, 249, 250, 281–83, 286–87 
  is composed of Voc(PA), 169, 223, 227, 248–49, 282 
  N is not a model of any AV theory  that is -inconsistent, 281, 286 
    |– H[n] for each n, and  |– (x)H[x], 286 
   H[n] for each n and (x)H[x]  , 286 
   if N is a model of , H[n] is false on N for each n, and (x)H[x] is true on N, 286 
   for a name t, H[t] is true on N, 286 
   the referent of t on N is a number k, 286 
    hence, H[k] is true on N, which yields a contradiction, 286 
    therefore, N is not a model of , 286 
 Axiomatic, 94, 172, 227, 249, 264–65 
 Axiomatizable, 173–75, 182, 223, 227, 247–50, 254, 285 
  Arithmetic is not, xiv, 227, 249–50 
  every complete axiomatizable PL theory is decidable, 174, 227, 248–49, 285 
  Every effectively enumerable PL theory is, 182 
  has a set of axioms, 172–74, 223–27, 236, 249, 252–54, 274, 281, 285 
 Consistent, 170–72, 174–75, 226–27, 243, 245–50, 252, 255, 273, 280–82 
  that is axiomatizable and undecidable cannot be complete, 175, 250 
  that is complete and undecidable cannot be axiomatizable, 175, 250 
  for a consistent PL theory, the triad of completeness, axiomatizability, and undecidability is 

inconsistent, 175, 250 
   a consistent extension of Th(PA) is a consistent AV theory that includes Th(PA), 227, 248 
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 contains all its logical consequences that are composed of its vocabulary, 169–70, 172, 174, 223, 
281, 287 

 contains all its theorems that are composed of its vocabulary, 223, 245 
 Every deductively or semantically closed PL set is, 170, 172 
 Finitely axiomatizable, 173, 182, 188, 253–54 
  in which all recursive functions are representable is required for a proof of Church’s 

Undecidability Theorem, 254 
  has a finite set of axioms, 173, 252, 254 
 need not contain all valid sentences, 170 
 Non-axiomatizable, 227, 249–50 
  Arithmetic is, 249–50 
 if  and  have the same vocabulary,   ,  is a complete theory, and  is satisfiable, then 

 = , 182 
 of a PL interpretation J with respect to V (ThV(J)), 170–72, 182, 227, 245, 249 
  is called “the V theory of J,” 170, 245 
  is consistent and complete, 171–72, 227 
  consists of all true sentences on J that are composed of V, 170, 227, 243, 245, 249–50, 282, 287, 

289 
  J is a model of ThV(J), 171, 227 
 of PL interpretation J with respect to Voc(J) (Th(J)), 170 
  is called “the PL theory of J,” 170 
  consists of all true sentences on J that are composed of Voc(J), 170 
 of PL set  (Th()), 170–72, 182, 188, 223, 227 
  consists of all PL sentences if  is inconsistent, 174 
  consists of all logical consequences of  that are composed of Voc(), 170–72, 223, 227 
  consists of all theorems of  that are composed of Voc(), 170–72, 223, 227 
  if Th() is finitely axiomatizable, there is a finite subset  of  such that Th() = Th(), 182, 

188 
 of PL set {}, where  is a sentence composed of Voc(): if Th() is decidable, so is Th({}), 

281, 284–85 
  B  Th({}) iff B  Th(), 284 
  an effective decision procedure for membership in Th() yields an effective decision 

procedure for membership in Th({}), 284–85 
 Scope and limitations of, 223 
 Set of axioms of (see also axioms), 172–73, 223 
  All members of the theory are derivable from, 173 
  All members of the theory are logical consequence of, 173 
  is decidable, 173 
  There is an effective decision procedure for determining membership in, 173 
  the PL theory whose set of axioms is  consists of all logical theorems, 173 
  the PL theory whose set of axioms is  consists of all valid sentences, 173 
 sufficient condition for undecidability, 245–47 
  if  is a consistent PL theory in which all recursive functions are representable, the set of the 

gödel numbers of the members of  is not representable in , 245–46 
   the diagonalization function DIAG is representable in , 246 
   the Diagonalization Lemma holds for , 246 
  if  is a consistent PL theory in which all recursive functions are representable,  is 

undecidable, 246–47 
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   all recursive functions are representable in , 246–47 
  therefore,  is undecidable, 247 
PL+, 154–55, 157–58, 177, 184 
 Expanded language of, 177 
  is countably infinite, 177 
 Expression of, 154 
  is a finite string of symbols, 154 
 interpretation may have its own collection of names, 158 
 Names of, 155–58, 177 
  consist of PL names and  names, 155–57, 177 
 Sentence(s) of, 154–59, 161, 163 
  Set of, 157 
  Universally quantified, 154, 156–57 
 Singular terms of, 157–64, 177 
  Equivalence class(es) of, 162–63 
   any two equivalence classes are either disjoint or identical, 163 
   Every singular term belongs to its, 163 
   are mutually exclusive, 163 
   are nonempty, 163 
   Singular terms belonging to the same, 164 
  Partition of the set of all, 162 
  the set of all PL+ singular terms is countably infinite, 177 
 Vocabulary of, 154, 157–58, 177 
  consists of PL vocabulary and a countably infinite sequence of additional names, 154, 157, 177 
PL2 interpretation, 44–45, 259–60, 266–69 
 allows quantification over individuals and over properties and relations of individuals, 257, 259 
 is an extensional system, 259 
  hence, properties are reduced to their extensions, 259 
 The meaning of the Induction Axiom (IA) on, 260 
 if it satisfies PA2, it is isomorphic to N2, 260–64, 269 
 second-order quantification over properties, 257, 259 
  it is quantification over all the subsets of the Universe of Discourse (UD), 259–60 
 The Universe of Discourse of (UD), 259 
  consists of individuals, 259 
PL-English, 2–3, 9, 13, 15, 19, 23, 88, 137 
 English augmented with variables and other symbols, 88 
Placeholders, 2, 9 
Powerset of a set (PA), 95–96, 104–05, 125, 131–32 
 Cardinality of, 104–05, 125 
  is 2n if card(A) = n, 125, 132 
 consists of all subsets of A, 95 
Predecessor, 91–92 
Predicate, 1–3, 6–7, 9–11, 14–16, 22–23, 29–30, 88, 97, 126, 136, 148, 158–59, 162, 167, 177, 181, 185, 

229, 257–59, 289 
 Extension of, 12, 97, 137, 158, 162–64, 169, 181, 184, 185–87 
  Cardinality of, 168, 180 
   may be greater than the cardinality of its complement in UD, 180 
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  Empty, 64 
  is the extension of the concept that the predicate designates, 97 
  Infinite, 74 
  Nonempty, 186 
 First-order, 257–58 
  applies only to first-order variables and terms that designate individuals, 257–58 
 Monadic, 2, 88 
 Order, 229 
 Places of, 2–3, 9–10, 148, 158–59, 162, 167, 181 
 Second-order, 257–58 
  applies to second-order variables and to first-order predicates, 257–58 
 Unary, 2, 88 
 Well-defined, 97–98 
  designates a concept, 97 
  Extension of, 98 
  its extension is a set, 97–98 
Predicate Logic, 1 
Premise(s), 31–34, 42–44, 56, 58, 82, 84, 121, 139–40, 142, 152, 155, 165, 174, 254–55, 257, 268, 270, 

279, 287 
 Second-order, 257, 268, 270 
 Set of, 31, 34, 42, 44, 139, 147 
  might be empty, finite, or infinite, 31, 34, 44, 82, 139, 152, 155, 165, 174, 254–55, 268, 270 
Prime factorization, 191–92, 233–35 
 in decoding gödel numbers, all even powers of prime numbers are prime-factored, 233 
 in decoding gödel numbers, when prime-factorization halts, the basic numbers are decoded, 

233 
 is unique, 191 
Prime numbers, 191–92, 206, 233–35 
 after 7, 191 
 are decoded, and composite numbers are prime-factored, 191 
 Numerical codes of the basic SL vocabulary are all, 191 
 are placeholders for the symbols, 191 
 Powers of, 191–92, 233–35 
 Sequences of, 235 
Prime powers, 191–92 
Prime-powers of a number n, 234 
 The set of (PP(n)), 234 
  Examples of, 234 
Principle(s), 92, 95, 97–98 
 Arithmetical, 89–90 
 Consistent, 98 
 Contradictory, 98 
  is the following: the extension of every well-defined predicate is a set, 97–98 
 Set-theoretic, 89, 94 
Principle of Complete Induction (PCI), 91–93, 124, 127–28, 130, 135–36, 139, 144, 161, 182–83 
 is an arithmetical principle, 91 
 Base Step of, 91–93, 127, 130, 136, 140, 159, 183 
 is equivalent to PMI, 91 
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 Induction Hypothesis of, 93, 127–28, 130, 136, 140–43, 159–60, 183 
 Inductive Step of, 91, 93, 127–28, 130, 136, 140, 144, 159, 161, 180, 183 
  is a conditional, 91 
Principle of Extensionality, 89, 95, 129, 134–35, 163, 188, 250, 264 
  is a set-theoretic principle, 95 
Principle of Mathematical Induction (PMI), xiv, 14, 89, 91–92, 94, 124, 127–30, 151, 214, 226, 228–

29, 260–62, 267 
 is an arithmetical principle, 91 
 Base Step of, 91, 94, 127–30, 151, 228–29, 261–62, 267 
 is equivalent to PCI, 91 
 Induction Hypothesis of, 94, 127–30, 151, 228–29 
 Inductive Step of, 91, 94, 127–30, 228–29 
  is a conditional, 91 
 is represented in PL by the Induction Schema of PA (IS), 224, 226 
 is represented in PL2 by the Induction Axiom of PA2 (IA), 260 
Principle of Ordered Tuples, 95, 133 
 is a set-theoretic principle, 95 
Procedure(s), xii, xiv, 40–41, 173–75, 189–92, 204, 206–10, 219, 225, 227, 232–33, 235–38, 247–49, 

255–56, 270–73, 284–85 
 Arithmetical, 190–92 
 C: C(n) = 1 if n is a numerical code of an SL sentence, and C(n) = 0 otherwise, 192 
  C is an effective decision procedure, 192 
  C is a mechanical computational procedure, 192 
  SENTSL = {n : C(n) = 1}, 192 
    consists of the numerical codes of all SL sentences, 192 
   is decidable, 192 
   is a numerical counterpart of SentSL, 192 
  SentSL consists of all SL sentences, 190 
  SentSL is decidable, 192 
 Coding, 174, 191–92, 206–07, 209–20, 219. 232–35 
  severral numerical coding procedures are suitable for arithmetizing Th(PA) metatheory, 232 
   their codes are called gödel numbers, 232 
   they differ from Gödel’s original procedure, 232  
 Computational, 190, 207–08 
  are also called “Arithmetical,” 190 
  might never terminate, 207, 209 
 Decoding, 191, 206, 209–10, 219, 232–33, 235–36, 247 
  decodes a natural number into the original n-tuple, 206 
  decodes numbers into their corresponding symbols, 191 
  decodes a numerical code of an AV term by reversing the encoding procedure, 233 
  decodes Turing machines numerical codes, 211 
  in decoding gödel numbers, all even powers of prime numbers are prime-factored, 233 
  in decoding gödel numbers, when prime-factorization halts, the basic numbers are decoded, 

233 
  determining whether a number is the gödel number of an AV term is an effective decision 

procedure, 232–33 
  a prime number is decoded, and a composite number is prime-factored, 191 
 Encoding, 174, 191–92, 206–07, 209–10, 219, 232–35 



 60

  for AV terms, AV formulas, AV sentences, and PA proofs ensure that every item receives a 
unique numerical code, 235 

   those encoding procedures and their associate decoding procedures are effective, 235 
  encodes every n-tuple of natural numbers into a unique single natural number, 206 
   [mሬሬሬ⃑ ] is the numerical code of mሬሬሬ⃑ , 206 
  encodes the syntax of Th(PA) into numerical codes, 232–35 
  encodes Th(PA) metatheory into N, 232, 235 
  encodes a Turing machine T into a numerical code [T], 209–11 
 is formalized as a function, 189 
  a procedure transforms an input into an output, 189 
   a function takes an argument and returns a value, 189 
 Mechanical, 204 
  involves no creative steps, 204 
 Mechanical computational, 190–92 
  Ideal notion of, 190, 205 
  is a numerical procedure that could be executed by a computing machine, if there were no 

limits on time, memory, and hardware, 190, 205 
  is a numerical process that consists of finitely many deterministic steps, 190 
 Numerical, 190 
Process, 103, 151, 162, 175, 204, 207–08 
 Computational, xii, 204, 207–08 
  Effective, 204 
  might never terminate, 207 
 Counting, 124 
 Inductive, 151 
 Infinite counting, 108 
 Numerical, 190 
 Potentially infinite, 103 
  Sets are not subject to, 103 
Product, 90, 215 
 function (Prod(d, k)), 215–16 
Projection function Jଶଷ, 218, 222 
 its arguments are positive integers, 222 
 A Turing machine that computes, 218, 222 
  The instruction set of, 222 
Pronouns, 2 
PROOF (see also Peano Arithmetic and representability in Peano Arithmetic), 235–38, 242, 244, 272, 

274, 275, 277, 280, 283, 285 
 is the arithmetical analogue of all PA proofs of AV sentences, 235–35, 272. 283 
 Construction of, 243–44 
 m, k  PROOF iff k is the gödel number of an AV sentence X and m is the gödel number of a 

PA proof of X, 235–36, 272, 283 
 is a recursive binary relation, 235–37, 242, 272 
 is represented in Th(PA) by an AV formula proof[x, y], 237–38, 242, 244, 272, 275, 277, 280, 283, 

285 
  hence, if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237, 

272 
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  since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237, 272 
 is represented in Th(PA) by more than one AV formulas, 272, 274 
  any formula that represents PROOF in Th(PA) is called “proof predicate,” 272 
Proof(s), xii, 14, 32, 34, 42, 89, 106, 173, 182, 205, 212, 235, 238, 242, 248, 252, 268, 272–75, 278, 283, 

287 
 Demonstrative, xi-xii, 42, 44, 89, 205, 268 
  Formal derivations represent, 42, 44, 268 
 Finitary, 272–75 
  are all formalizable in Th(PA), 274 
  a proof predicate is an AV formula that represents PROOF in Th(PA), 272, 274–75 
  Some find the standard proof predicate a poor formalization of, 274–75 
  the standard proof predicate was constructed by Gödel, 274–76 
 Infinitely long, 268–70 
 Peano Arithmetic (PA proofs), 235–38, 242, 248, 272, 274, 278, 280, 285 
  is a finite sequence of AV sentences, 235–36 
  is a PL derivation D of AV sentence X from PA, 235–36, 238, 242–44, 248, 253, 272, 277–78, 

283, 286 
   there is an effective decision procedure for determining whether D is a PA proof of X or 

not, 236 
   every sentence in D is either a PA axiom or is introduced by an MDS rule, 235–36 
   the terminal sentence of D is X, 235–36 
ProofPA, 248–49 
 there is an effective decision procedure for determining membership in, 248 
 is the set of all PA proofs, 248 
Proof predicate, 237–38, 242, 244, 272, 274–77 
 Any AV formula that represents PROOF in Th(PA) is, 272, 275, 277 
 proof[x, y] is, 237–38, 242, 244, 272, 275, 277, 280 
  hence, if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237, 

272 
  since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237, 272 
 Standard, 272, 274–76 
  was constructed by Gödel, 272 
  permits the formalization of the proof of the First Incompleteness Theorem in Th(PA), 272 
  proofs[x, y] is, 276 
  is used in the construction of the standard PA consistency sentence, 274, 276 
  is used in Gödel’s proof of the Second Incompleteness Theorem, 274–76 
   is employed to construct a sentence that formalizes “ If PA is consistent, PA |–/  GPA,” 276 
   there are nonstandard proof predicates for which the Second Incompleteness Theorem 

fails, 274–75 
   Rosser’s predicate is the most famous nonstandard proof predicate, 275 
   Rosser’s predicate can be used to construct a PA consistency sentence that is a PA theorem, 

275 
   the Second Incompleteness Theorem fails for Rosser’s proof predicate, 275 
Proof-theoretic concepts, 40, 45, 88, 109, 223 
 Second-Order Peano Axioms (PA2) have sematic powers that are much more extensive than 

their proof-theoretic powers, 265 
Proof-theoretically consistent set. See consistent set. 
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Proof-theoretically inconsistent set. See inconsistent set. 
Proof theory, xii-xiv, 39, 41–44, 48, 87–88, 164, 169, 172, 181, 185–87, 232, 265–66, 268, 270 
 as a branch of the metatheory, studies properties of formal derivations and their relations to 

semantical concepts, 88 
 Complete, 44, 87, 115, 122–23, 126, 164, 172, 181, 186, 265–66, 268, 270 
 Finite, 164, 181, 187, 265–66, 268 
  whose derivations are finite sequences, 164, 181, 187, 265 
 in PL2, 44, 263, 265, 268, 270, 272 
 Incomplete (see also Second-Order Predicate Logic), 181, 185, 263, 265, 270, 272 
 in NL (see also Number Logic), 185–87 
 as part of PL, consists of rules of inference and formal derivations, 88 
 Sound, 44, 87, 115, 122–23, 126, 164, 172, 181, 185, 187, 265–66, 268 
 Sound and complete, 44, 87, 117, 122–23, 126, 164, 172, 181, 186–87, 265–68 
 Sound, complete, and finite, 164, 181, 265–66, 268 
  The Compactness Theorem holds for, 265–66, 268 
Property(-ies), xi-xii, xiv, 2, 10–12, 14–16, 22–23, 29–31, 74, 76, 87–88, 90, 95, 98, 103, 154, 167, 169, 

225–26, 229, 257–60, 273 
 Arithmetical, 90, 273 
 Bivalent, 11–12, 15 
 Extension of, 12, 15–16, 23, 26, 259 
 in an extensional system, properties are reduced to their extensions, 15, 23, 74, 259 
 of individuals are second-order objects, 257–58 
 of natural numbers have counterparts in Th(PA), 229 
 Non-bivalent, 12 
 of PL sets. See PL set. 
Proposition(s), xii, 227, 229, 274 
PROV, 237–38, 246 
 is the arithmetical analogue of the set of all theorems of PA, 237 
 consists of the gödel numbers of all PA theorems, 237, 246 
  b  PROV iff there is k such that k, b  PROOF, 237–38 
 its definition involves an unbounded existential quantifier, 237–38 
 this existential quantifier is essentially unbounded, 238 
 is not a recursive set, 237–38, 246 
  is recursively enumerable, 237–38 
 is not representable in Th(PA), 238, 246 
 PROV’s formula prov[y] is defined as (x)proof[x, y], 238, 242, 272, 275–77, 280 
  if k  PROV, PA |– prov[k], 238, 272 
Provability, xiii, 87–88, 230, 272, 275–78, 280, 282 
Provability Conditions, xiii, 272, 275, 277–80, 282 
 are invoked as inference rules in the second proof of the Second Incompleteness Theorem, 272, 

275, 278–80 
 are necessary conditions for the adequacy of any provability predicate, 277–78 
 a proof predicate is any AV formulas that represents PROOF in Th(PA), 272, 274–75, 277, 280 
  if Z[x, y] is a proof predicate, the formula (x)Z[x, y] is called “provability predicate,” 272, 

275–77, 280 
 prov[y] is defined as (x)proof[x, y], where proof[x, y] is a proof predicate, 272, 275–77, 280 
 hence, prov[y] is a provability predicate, 272, 275–77, 286 
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  if m is the gödel number of a PA theorem, PA |– prov[m], 272, 275 
  since Th(PA) is undecidable, it is not true that if m is not the gödel number of a PA theorem, 

PA |– prov[m], 272 
  X is the AV numeral that represents the gödel number of the sentence X, 277, 282 
 provX is prov[k] where k = [X], 277, 282, 286 
 provX satisfies the following Provability Conditions, 277–78 
  PC1: if PA |– X, PA |– provX, 277–79, 282, 287 
  PC2: PA |– provXY(provX provY), 277–79, 282, 287 
  PC3: PA |– provXprovprovX, 277–79, 282, 287 
   PC1 is satisfied by every provability predicate, 277 
 are required for the proof of Löb’s Theorem, 282, 287 
 The Second Incompleteness Theorem holds for any provability predicate that satisfies, 275 
 Some question the adequacy of, 275 
 The standard provability predicate provs[y] satisfies, xiii, 278 
Provability predicate, xiii, 272, 275–78, 280, 282 
 any AV formula that represents PROOF in Th(PA) is called “proof predicate,” 237–38, 242, 244, 

272, 274–77, 280 
  if Z[x, y] is a proof predicate, the formula (x)Z[x, y] is called “provability predicate,” 238, 

242, 272, 275, 277–78, 280 
 the Provability Conditions are invoked as inference rules in the second proof of the Second 

Incompleteness Theorem, 275, 277–78, 280 
 The Provability Conditions are necessary conditions for the adequacy of any, 276–78, 280 
 prov[y] is defined as (x)proof[x, y] where proof[x, y] represents PROOF in Th(PA), 238, 242, 

272, 275, 277–78, 280 
 prov[y] is, 238, 242, 272, 275–78 
  if m is the gödel number of a PA theorem, PA |– prov[m], 238, 272, 275–76 
  since Th(PA) is undecidable, it is not true that if m is not the gödel number of a PA theorem, 

PA |– prov[m], 238, 272 
  X is the AV numeral that represents the gödel number of the sentence X, 277, 282 
 provX is prov[k], where k = [X], 277, 282 
 provX satisfies the following Provability Conditions, 276–78 
  PC1: if PA |– X, PA |– provX, 277–79, 282, 287 
  PC2: PA |– provXY(provX provY), 277–79, 282, 287 
  PC3: PA |– provXprovprovX, 277–79, 282, 287 
   PC1 is satisfied by every provability predicate, 277 
 Standard, xiii, 276–77 
  provs[y] is, 276 
   provs[y] is defined as (x)proofs[x, y] where proofs[x, y] is the standard proof predicate, 276 
  satisfies the Provability Conditions, 275, 277–78 
 standard proof predicate was constructed by Gödel, 272, 274 
  it permits the formalization of the proof of the First Incompleteness Theorem in Th(PA), 272, 

276 
  it is used in the construction of the standard PA consistency sentence, 274, 276 
Punctuation marks, 177 
Quantification, 8–9, 11, 14, 19–21, 25–31, 257–60 
 First-order, 257 
  is over individuals, 257 
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 Multiple, 8 
 Objectual, 14, 19, 21, 25–26, 30–31 
 Second-order, 257–60 
  is over properties and relations of individuals, 257–59 
  is over all the subsets of UD, 259, 260 
 Substitutional, 11, 14, 19–21, 25–31 
 Vacuous, 8 
Quantificational Logic, 1 
Quantified clauses, 10 
Quantified sentence(s), 19, 21, 25–27, 29–31, 153–54, 156–57, 159, 259 
 Assertion made by, 30–31 
 Basic substitutional instance of, 19–20, 23, 27, 30, 32, 35–38, 40, 71, 136, 142–43, 153–55, 157, 183, 

244 
 Objectual interpretation of, 20, 25–26, 30 
 Substitutional instance of, 19–20, 26–27, 29–30, 156–57 
 Substitutional interpretation of, 20, 25–26, 30, 156 
 Universally, 153–54, 156 
  Arbitrary basic substitutional instances of, 154–55 
  Basic substitutional instances of, 153–55, 157, 183 
  of PL+, 154 
   Countably infinitely many, 154 
  Substitutional instances of, 153, 157, 160–61 
Quantifier(s), 2, 5, 7–10, 14, 16, 19–21, 25–26, 31–32, 35–38, 40, 56, 58–59, 62–63, 74, 88–89, 92–93, 

109, 114–16, 121, 124, 126–27, 135–36, 142–43, 148, 153, 156, 159–61, 177, 180, 182–83, 190, 223–24, 
229, 234, 237–39, 244, 257–58, 269, 280, 286 

 Existential (x), 5, 9, 109, 180, 229 
  Bounded, 238 
   invokes an upper bound, 238 
  Essentially unbounded, 238 
  Truth conditions of (see also truth conditions), 25, 32, 36–38, 40, 244, 286 
  Unbounded, 237 
 First-order, 257–58 
  applies to a variable that occupies a name-place, 258 
  ranges only over individuals, 257 
 of the language of the metatheory are interpreted objectually, 88 
 range over the universe of discourse, 16, 37 
 rules, 8 
 Second-order, 257–58 
  applies to a variable that occupies a predicate-place, 258 
  ranges over properties and relations of individuals, 257 
 Scope of, 8–10 
 Symbols of (, ), 5, 19 
 Truth conditions of (see also truth conditions), 14, 19–20, 23, 25, 30–31, 88, 136, 142–43 
 Universal (x), 5, 9, 19–20, 109, 116, 142–43, 153, 156, 159–60, 183, 234, 258, 280 
  formation rule, 234 
  Truth conditions of (see also truth conditions), 25, 32, 35, 37–38, 40, 142–43, 153, 156, 160–61, 

183, 280 
Rational number(s), 100, 106, 108, 273 
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 Sequences of, 273 
 Set of all (ℚ), 100, 107 
  Cardinality of (0), 106–07 
  is countably infinite,106–08 
  is dense, 106 
 Set of non-negative (ℚ+), 107–08 
  is countably infinite, 108 
 Set of non-positive (ℚ–), 108 
  is countably infinite, 108 
 Sets of, 273 
Real number(s), 21, 29, 106–07, 273 
 Ordered pairs of, 273 
 Set of all (ℝ), 21, 28–29, 105–06, 178 
  Cardinality of (C), 21–22, 105 
   is greater than 0, 21–22, 105 
  is uncountable, 22, 105–06, 178 
Recursion theory, 217 
Recursive definition(s), 215–16, 218, 222, 225, 228, 288 
 of addition, 225 
 of AV numerals (see also representability in Peano Arithmetic), 228–29, 235, 288 
 of the doubling function (D), 218, 222 
 of the factorial function (n!), 218 
 Inductive definitions are called, 216 
 of multiplication, 225 
 of the total subtraction function (G), 222 
Recursive function(s), xi, xiii-xiv, 205, 208, 213–14, 216–19, 222, 228–29, 231, 239, 245–48, 250, 252–

55, 282, 288 
 Basic, 213–14, 216–18 
  The Addition function A is not, 213–14 
  Addition is a recursive function that can be generated from, 214 
  Projection functions are, 213–14, 216–18, 222 
  projection functions are infinitely many, 213–14 
  the projection function J୧୬ is defined as such J୧୬(m1, …, mi, …, mn) = mi, 214, 218 
  the projection function Jଵଵ is the identity function, 214–15 
  The successor function S is, 213, 216, 222 
   the successor function S assigns to each natural number its successor, 213 
   it is incorrect to define S(n) as n+1, since the successor function is more basic than the 

addition function, 213, 225 
  the successor function S is primitive and understood intuitively, 214 
  are total functions, 217 
  The zero function Z is, 213, 215–16, 222 
  The zero function Z assigns 0 to every natural number, 213 
 the concept of computable numerical function is informal and intuitive, 213 
 there are different formalizations of computable numerical function, 213 
 these formalizations are conceptually and historically independent of each other, 213 
 these formalizations are equivalent, 213 
 a function F from ℕn into ℕ is a numerical function with multiple arguments and a single value, 

213, 216 
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  for a partial recursive function F, dom(F)  ℕn, 213 
  for a strictly partial recursive function F, dom(F)  ℕn, 213 
  for a total recursive function F, dom(F) = ℕn, 213 
 Partial, xi, xiii-xiv, 205, 208, 213, 216, 217, 219 
  consist of the basic recursive functions and all the functions formed by applying finitely 

many times any of the recursive operations to the basic functions, 213, 217 
  are equivalent to Turing-computable functions, xiii-xiv, 205, 208, 213, 217 
  When minimization is included, the resulting functions are called, 217 
  only minimization might yield partial functions when applied to total or partial functions, 

217 
  might be total or strictly partial recursive functions, 217 
 a PL theory in which all recursive functions are representable, xiii, 229, 245–48, 250, 252–55, 282, 

288 
 Primitive, 217 
  composition and primitive recursion yield total functions when applied to total functions, 217 
  minimization must be modified to prevent the generation of partial functions, 217 
  If the recursive operations are restricted to composition and primitive recursion, the resulting 

functions are called, 217 
  are total functions, 217 
 are representable in Peano Arithmetic (see also representability in Peano Arithmetic), xiii-xiv, 228–

29, 231, 248, 250, 252, 254, 288 
  are also representable in any consistent extension of Th(PA), 248 
   a consistent extension of Th(PA) is a consistent AV theory that includes Th(PA), 248 
 Total, 217, 219 
Recursive operation(s), 213–15, 217 
 Composition is, 213–18 
  example of composition, 214 
  it is similar to function composition, 214 
 Minimization is, 213, 216–17 
  its application to Sum(d, k) and to Prod(d, k), 216 
  it defines a new function F on the basis of F, 216 
  it is occasionally called “the least zero operation,” 216 
 Primitive recursion is, 213, 215, 217–18 
  it applies to functions with any number of arguments, 214 
  its definition of Prod(d, k), 215–16 
  its definition of Sum(d, k), 215–16 
  it is a formalization of inductive definition, 214, 216 
  many arithmetical functions are defined by primitive recursion, 215 
  their standard definitions do not fit the form of primitive recursion, 215 
  standard inductive definitions are primitive recursive definitions for one argument, 215 
  the standard inductive definition of Prod(d, k), 215 
  standard inductive definitions can be reformulated to fit the form of primitive recursion, 215 
  the underlying logic of primitive recursion is similar to the logic of the Principle of 

Mathematical Induction (PMI), 214  
 some functions have zeros, 216 
 a zero of a function is an argument whose value is zero, 216 
Recursive relation, 217, 231, 235–37, 247, 272, 283 
 its characteristic function is recursive, 208, 217, 231, 233, 237, 247 
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 is equivalent to decidable relation, 217 
 PROOF is, 235, 237, 242, 272, 283 
 is representable in Peano Arithmetic, 237–38, 242, 272, 274–75, 277, 280, 285 
Recursive set, 208, 217, 230–31, 233–34, 237, 246–47 
 its characteristic function is recursive, 208, 217, 231, 233 
 is equivalent to decidable set, 208, 217 
 PROV is not, 237–38, 246 
 is representable in Peano Arithmetic, 230–31, 233–35, 237–38 
Recursively enumerable relation, 217 
 is equivalent to semidecidable relation, 217 
 its listing function is partial recursive, 217 
Recursively enumerable set, 208, 217, 237 
 may be defined as the range of F, where F is a recursive function whose domain is ℕ, 217 
 may be defined as a set whose listing functions is partial recursive, 208, 217 
  both definitions are equivalent, 217 
 is equivalent to semidecidable set, 208, 217 
 PROV is, 237–38 
Reductio Ad Absurdum (rule of inference; RAA), 34, 57, 62, 82, 106, 115–16, 141, 145, 211, 236 
 Conclusion of, 141 
 consists of two parts, 115, 141 
Reductio assumption (RA), 34–35, 40, 57, 141 
 is discharged when RAA block is closed, 141 
Referent, 3–4, 11, 14–15, 17, 22–23, 27, 71, 126, 136, 143, 158, 161–64, 181, 185–86, 228, 259–62, 266–

69, 286, 288–89 
 of an AV numeral, 228–29, 235, 239, 244, 266, 277, 288–89 
 of a name, 2, 4, 11, 13–16, 29, 71, 143, 158, 162, 181, 184, 244, 261, 266–68, 286, 288–89 
 of a singular term, 4–5, 11, 13, 14, 22–23, 27, 158, 162, 184, 266, 269, 286 
Reiteration (rule of inference; Reit), 52, 62, 115, 140, 145, 172 
Relation(s), 2–3, 11–15, 22–23, 30–31, 71–72, 74–76, 87, 90–91, 94, 98–99, 101–02, 124–25, 130, 132–

34, 150, 152, 167, 169, 208, 217, 219, 229–31, 247, 257–59, 273 
 Antisymmetric, 98, 130 
 Arithmetical, 90 
 Asymmetric, 74–75, 90, 98, 125, 132–34 
  does not allow loops, 74–75 
  is irreflexive, 132–33 
 Binary, 3, 11–12, 23, 74, 76, 98, 124–25, 132, 235, 237, 283 
  is between two sets, 98 
 Bivalent, 11–12, 15 
 Connex, 90, 99, 125, 133–34 
  satisfies trichotomy, 99 
 Equivalence, 124 
  is reflexive, symmetric, transitive, 124 
 Extendible, 74–75, 90, 98 
 Extension of, 12, 15, 23, 208 
  Infinite, 76 
  is a set of n-tuples, 208 
 between individuals is a second-order object, 257 
 Injective, 99 
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 Irreflexive, 90, 98, 125 
 has a minimal element, 90, 99, 125 
 has a maximal element, 90, 99 
 of natural numbers have counterparts in Th(PA), 229 
 Non-bivalent, 12 
 Places of, 2–3 
 Properties of, 74, 98 
  Set-theoretic descriptions of, 98 
 Reflexive, 98, 124 
 that are representable in Th(PA), 230–31, 237, 242, 247, 272, 281 
 on a set, 98, 125 
 Symmetric, 98, 124 
 Total, 98 
  satisfies dichotomy, 98 
 Transitive, 74–75, 90, 98, 124–25, 132, 134 
 Well-founded, 125, 133–34 
Relation of token identity, 5, 11 
 Symbol for (=), 5 
Relational predicate, 3, 88 
Replacement rule(s) of inference, 47, 49–50, 52, 58–59 
 must be applied within open blocks, 50 
 may be applied to a sentence or to a component of a sentence, 50 
 may be performed in the forward or reverse direction, 58 
Representability in Peano Arithmetic Th(PA), xiii-xiv, 228–31, 252 
 is the 1st major component of the proof of the First Incompleteness Theorem, 228 
 all recursive functions, sets, and relations are representable in Th(PA), 230–32, 247 
  there is a finite fragment Q of PA that is adequate for representing all recursive functions, 

252–54 
 AV formulas represent in Th(PA) sets, relations, and functions, 230, 233–35, 237, 239, 242, 272, 

274–75, 277, 283, 285 
 AV numerals, 228–30, 234–25, 239, 244, 267, 277, 288–89 
  are AV singular terms formed from the name 0 and the function symbol s, 228–29, 266, 288 
  are formal copies of the natural numbers, 229, 234, 244, 266, 288–89 
  Recursive definition of, 228, 288 
   is the following: s00 = 0 and sn+10 = ssn0, 228, 288 
   defined notation may be introduced: n is sn0, 229, 288 
   n = m iff PA |– sn0 = sm0, and n ≠ m iff PA |– sn0 ≠ sm0, 228 
   the referent of sn0 on N is n, 228–29 
  The set of all, 229, 234, 244 
   mirrors ℕ, 229, 234, 244 
 background logic is the economical version of PL, 229 
 D  ℕn is representable in Th(PA) iff its characteristic function is representable in Th(PA), 231, 

236–27, 247 
 definition of the concept of representability in Th(PA), 230 
 definition of the representability in Th(PA) of an n-place relation on ℕ, 230, 237 
 definition of the representability in Th(PA) of a subset of ℕ, 230, 233–36 
 definition of the representability in Th(PA) of a total function from ℕn into ℕ, 230–31 
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 these definitions indicate a relationship between membership in a set and provability in 
Th(PA), 230, 233, 237, 239 

 FORM is the arithmetical analogue of the set of all AV formulas, 234 
 FORM consists of the gödel numbers of all AV formulas, 234 
 FORM is a recursive set, 234 
 hence, FORM is represented in Th(PA) by an AV formula form[x], 234 
 inference rules are those of the full version of PL, 229 
 properties and relations of natural numbers have counterparts in Th(PA), 229 
  for all AV terms t and s, t < s and t ≤ s can be defined in Th(PA), 229 
  for all natural numbers n and m, if n < m, PA |– n < m, and if n ≤ m, PA |– n ≤ m, 229 
  for all natural numbers n, m, and k, if (n+m) = k, PA |– (n+m) = k, and if (nm) = k, PA |– 

(nm) = k, 229 
 representing PA proofs in Th(PA), 235–37 
  encoding procedures for the AV syntactical categories and PA proofs ensure that every item 

receives a unique numerical code, 235 
  these encoding procedures and their associate decoding procedures are effective, 235 
   sequences of AV sentences can also be encoded into gödel numbers, 235 
  a PA proof is a finite sequence D of AV sentences, 235 
  a PA proof is a PL derivation D of an AV sentence X from PA, 235–26, 242–44, 248, 253, 272, 

277–78, 283, 286 
   every sentence in D is either a PA axiom or is introduced by an MDS rule, 236 
   the terminal sentence of D is X, 236 
  PROOF is the arithmetical analogue of the set of all PA proofs of AV sentences, 235, 283, 285 
   m, k  PROOF iff k is the gödel number of an AV sentence X and m is the gödel number 

of a PA proof of X, 235–36, 272, 285 
  PROOF can be constructed directly as an arithmetical relation, 237 
  PROOF in this case can be proved to be recursive without invoking Church’s Thesis, 237 
  PROOF is proved to be recursive by invoking Church’s Thesis, 235 
   there is an effective decision procedure for determining whether a sequence D is a PA 

proof of X or not, 235–36 
   this procedure together with the decoding procedures for gödel numbers yield an affective 

decision procedure for determining membership in PROOF, 236 
   therefore, PROOF is decidable, 236 
    by Church’s Thesis, its characteristic function is Turing-computable, 236 
  PROOF is a recursive relation, 235, 237, 242, 272 
  PROOF is represented in Th(PA) by an AV formula proof[x, y], 237–28, 242, 244, 272, 275, 277, 

280, 283, 285 
   if m, k  PROOF, PA |– proof[m, k]; and if m, k  PROOF, PA |– proof[m, k], 237, 272 
   since PA is consistent, m, k  PROOF iff PA |– proof[m, k], 237, 272 
 representing provability in Th(PA), 237–38, 242, 246, 272, 275–78, 280 
  an AV sentence X is provable in Th(PA) iff there is a PA proof of X, 237 
   Th(PA) consists of all AV sentences that are provable in Th(PA), 237 
  PROV is the arithmetical analogue of Th(PA), 237 
  PROV consists of the gödel numbers of all theorems of PA, 237, 246 
   b  PROV iff there is k such that k, b  PROOF, 237 
   the definition of PROV is not an effective decision procedure for membership in PROV, 237 
   the effective procedure for PROV’s membership is only a Yes-procedure, 238 
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   the listing function of PROV is computable, 238 
  PROV is not a recursive set but only recursively enumerable, 237, 246 
   PROV can be enumerated as an infinite list, 238 
  PROV is not representable in Th(PA), 238, 246 
  prov[y] is defined as (x)proof[x, y], 238, 242, 272, 275, 277, 280 
   if k  PROV, PA |– prov[k], 238 
  PROV’s definition involves an unbounded existential quantifier (“there is k”), 237 
  the unbounded quantifier is the source of the problem: if there is no k, it cannot be known 

that b  PROV, 237 
   if the existential quantifier is bounded, there would be an effective decision procedure for 

membership in PROV, 238 
   in this case, PROV would be decidable, recursive, and representable in Th(PA), 238 
   in PROV’s definition the existential quantifier is essentially unbounded, 238 
 representing the syntax of Th(PA) within Th(PA) via a 2-stage process, 231–34 
  1st stage is arithmetizing the syntax of Th(PA) into N, 231–34 
  2nd stage is representing arithmetical analogues of AV categories into Th(PA), 231, 233–34 
  through this 2-stage process Th(PA) is made to “speak” about itself, 234 
   example of this phenomenon, 235 
 SENT is the arithmetical analogue of the set of all AV sentences, 232, 234–35 
  an AV sentence is an AV formula that contains no free variables, 232, 234–35 
 SENT  FORM, 234 
 SENT consists of the gödel numbers of all AV sentences, 234 
  the construction of SENT, 234 
 SENT is a recursive set, 234 
 hence, SENT is represented in Th(PA) by an AV formula sent[x], 234–35 
Representability Theorem, 231, 252–53 
 is the 1st component of the proof of the First Incompleteness Theorem, 228 
 asserts: every recursive function is representable in Th(PA), 231, 252 
  hence, all recursive sets and relations are representable in Th(PA), 231 
 a proof of this theorem invokes finitely many PA axioms, 252  
 the set of these finite PA axioms is Q, 252 
  hence, all recursive functions are representable in Th(Q), 252 
 the set of Robinson’s axioms (RA) is finite and is adequate for representing all recursive 

functions, 252–53 
 TERM is the arithmetical analogue of the set of all AV terms, 232 
 TERM consists of the numerical codes of all AV terms, 232 
 TERM is recursive, since its characteristic function is recursive, 233 
 TERM is represented in Th(PA) by an AV formula term[x], 233 
  if k  TERM, PA |– term[k], 233 
  metaphorically, PA says: “k is the gödel numbers of one of my terms,” 233 
 Th(PA) is made to “speak” about its own syntax, 233, 235 
  example of this phenomenon, 235 
 Th(PA) can be made to “speak” about its metatheory, 232 
Representative, 32, 177,  
 The function assigns to every set its, 177 
Resources of the metatheory, xiv, 87–91, 94 
 Arithmetical, xiv, 88–91 
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 Linguistic, xiv, 87 
 Logical, xiv, 87, 89 
 Set-theoretic, xiv, 88–89, 94 
Robinson Arithmetic Th(RA), 252–54, 257, 281, 282, 285 
 All recursive functions are representable in, 252, 254 
 every member of RA is derivable from PA, 253 
 there is an -consistent extension of Th(RA) of which N is not a model, 282 
 RA is much weaker than PA, 253 
  there are theorems of PA but not of RA, 253 
   the commutative property of + is not provable from RA, 253 
   N is a model of Th(RA), 254 
 Robinson Arithmetic set of axioms RA consists of the following 7 axioms, 252–54, 281, 285  
  RA1: (x)0 ≠ sx, 253 
  RA2: (x)(y)(sx = sy  x = y), 253 
  RA3: (x)(x ≠ 0  (y)x = sy), 253 
  RA4: (x)(x + 0) = x, 253 
  RA5: (x)(y)(x + sy) = s(x + y), 253 
  RA6: (x)(x  0) = 0, 253 
  RA7: (x)(y)(x  sy) = ((x  y) + x), 253 
   RA3 is a theorem of PA, 253 
    PA proof of RA3 invokes the Induction Schema, 253 
 the set RA is due to Raphael Robinson, 252 
 the set RA is not powerful enough to establish the Second Incompleteness Theorem, 254 
  is a decidable PL set whose vocabulary includes AV: if RA is consistent, Th() is an 

incomplete theory, 281, 285 
  RA is assumed to be consistent, 285 
  Th(RA) is also consistent, 285 
  Th()RA  Th(RA), 285 
  hence, Th()RA is consistent, 285 
  it follows: Th() is undecidable, 285 
   Th() is axiomatizable theory, 285 
   therefore, Th() is incomplete, 285 
  is a PL theory whose vocabulary includes AV: if RA is consistent,  is undecidable, 281 
 Th(RA) is consistent, 253–54 
 Th(RA) is incomplete, 254 
 Th(RA)  Th(PA), 253 
 Th(RA) is undecidable, 254 
Rosser, John Barkley, Sr, 275, 283 
Rosser’s proof predicate, 275 
 can be used to construct a PA consistency sentence that is a PA theorem, 275 
 The Second Incompleteness Theorem fails for, 275 
Rosser Sentence RPA of PA, xv, 283 
 is neither provable nor disprovable in Th(PA), even without the assumption of -consistency, 

282–83 
Rule(s) of inference, xii, xiv, 42–44, 47–63, 82, 87, 89, 109, 115–21, 126, 180, 185, 229, 236, 256, 269–

70 
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 Classical, 61, 115 
 Complete, 44, 87, 115, 122–23, 126, 164, 172, 181, 185–87, 265–66, 268 
 every one has infinitely many applications, 236 
  the applicability of each rule to any sentence is an effective decision procedure, 236 
 Finitely many applications of, 89 
 Formal, xii, 42–44, 61, 87–88, 94, 187, 265, 269 
 Independent, 115 
  no rule is derivable from the others, 115 
 are invoked in the metatheory, 89 
 are invoked in PL derivations, 89 
 The -, 269–70, 281 
  produces a single conclusion, 269–70 
  requires infinitely many antecedents, 269–70 
  is truth-preserving, 269 
 Non-truth-preserving, 44, 59 
 that are particular to arithmetic and set theory, 89 
 that belong to the full version of PL, 229 
 PL (see also GDS rules, NDS rules, and standard rules), xii, xiv, 42–44, 47–63, 82, 88–89, 109, 115–

21, 126, 139–43, 157, 163, 180, 185, 229, 235–36, 242, 248–49, 255, 265, 277 
 Set of, 43–44, 48, 87, 265, 270 
  Minimal, 48, 126 
  Sound and complete, 44, 87, 115, 122–23, 126, 164, 172, 181, 185–87, 265–66, 268 
  Sound, complete, and independent, 115 
 Sound, 43–44, 59–61, 87, 89, 115, 122–23, 126, 139, 164, 172, 180–81, 185–87, 263, 265–55, 268, 

270 
 Traditional, 48, 61 
 Truth-preserving, 43–44, 59–61, 89, 269 
 Unsound, 44, 59 
Russell’s Paradox, 97–98 
Satisfaction, 20, 25, 30, 87 
 is between an interpretation and a formula, 87 
 is a relation between sequences of individuals and formulas, 20, 25, 30 
Satisfiability, 41, 45, 165–66, 182 
 is neither a decidable nor semidecidable concept in PL, 41, 257 
Satisfiable set, xiv, 38–39, 41, 45, 65, 72, 144, 147, 161, 165–66, 176–80, 182, 185, 226, 262, 271, 283 
 The concept of, 257 
  is neither decidable nor semidecidable in PL, 257 
 has a model, 23, 38, 45, 64–65, 144, 147, 165–66, 176, 178, 262, 283, 288 
 First-Order Peano Arithmetic is, 224–26, 237, 241, 243–45, 260, 280 
 Second-Order Peano Arithmetic is, 260–61, 164, 266, 268–69, 271 
Schmitter, Amy, xvi 
Schueler, Fred, xvi 
Schueler, Karen, xvi 
Second Incompleteness Theorem, xiii, xv, 254, 272–80 
 asserts informally that if PA is consistent, it is impossible to prove its consistency from PA, 272 
 an AV formula that represents PROOF in Th(PA) is called “proof predicate,” 272, 274, 276–77 
  proof[x, y] is a proof predicate, 237–38, 242, 244, 273, 275, 277 
  prov[y] is a provability predicate and is defined as (x)proof[x, y238, 242, 272, 275, 277, 280 
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   if m is the gödel number of a PA theorem, PA |– prov[m], 272, 275 
   since Th(PA) is undecidable, it is not true that if m is not the gödel number of a PA 

theorem, PA |– prov[m], 272 
  the standard proof predicate proofs[x, y] was constructed by Gödel, 272, 274–76 
   it is claimed that proofs[x, y] is poor formalization of finitary proof, 274 
   there are nonstandard proof predicates for which the Second Incompleteness Theorem 

fails, 274–75 
   Rosser’s predicate is the most famous nonstandard proof predicate, 275 
   Rosser’s predicate can be used to construct a PA consistency sentence that is a PA theorem, 

275 
   the Second Incompleteness Theorem fails for Rosser’s proof predicate, 275 
   the Second Incompleteness Theorem holds for any proof predicate that satisfies the 

Provability Conditions, 275 
   some question the adequacy of the Provability Conditions, 275 
  the standard proof predicate is used in the construction of the standard PA consistency 

sentence, 274 
  the standard provability predicate is provs[y], 276–78 
   it is defined as (x)proofs[x, y], 276 
   it satisfies the Provability Conditions, xiii, 272, 275, 277–78 
 First proof of, 275–76 
  Gödel’s remark about Hilbert’s Program after his sketch of, 274 
  the standard proof predicate is used to formalize in Th(PA) the first part of the proof of the 

First Incompleteness Theorem, 272, 275–76 
   there is an AV sentence GPA such that PA |– GPAprov[g], where g = [GPA], 275–76, 286 
   the conclusion of the first part of the proof is that if PA is consistent, PA |–/  GPA, 276 
   proofs[x, y] can be used to construct a PA theorem Q formalizing the conclusion of the first 

part of the proof, 275–76 
   once Q is proved, the Second Incompleteness Theorem easily follows, 275–76 
   the standard PA consistency sentence is CONs, 274, 276 
    it is defined as prov[c], where c is the gödel number of “0 = 1,” 276 
    prov[c] says “0 = 1 is not provable from PA,” 276 
    prov[c] says “PA is consistent,” 276 
    Q is the sentence CONsprov[g] where g = [GPA], 276 
    Q is a theorem of PA, 276 
 first proof establishes: If PA is consistent, PA |–/  CONs, 276 
 since PA has a model, PA |–/  CONs, 276 
 Second proof of, 276–80 
  invokes the Provability Conditions as rules of inference, 272, 278–80 
  Provability Conditions, Diagonalization Lemma, and arithmetization of Th(PA) metatheory 

are sufficient for, 277, 280 
   a consistent theory that has these resources fails to prove a sentence expressing its 

consistency, 280 
  the Provability Conditions are necessary conditions for the adequacy of any provability 

predicate, 275–78 
   X is the AV numeral that represents the gödel number of the sentence X, 277 
  provX is prov[k], where k = [X], 277 
  provX satisfies the following Provability Conditions, 277–78 
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   PC1: if PA |– X, PA |– provX, 277–79, 282 
   PC2: PA |– provXY(provX provY), 277–79, 287 
   PC3: PA |– provXprovprovX, 277–79, 287 
    PC1 is satisfied by every provability predicate, 277 
   prov0 = 1 is a PA consistency sentence, 278 
  it says “0 = 1 is not provable from PA,” 278 
  it says “PA is consistent,” 278 
 second proof establishes: If PA is consistent, PA |–/  prov0 = 1, 276–80 
  N is a model of PA, 225–26, 237, 241, 243–45, 260, 280 
  therefore, PA |–/  prov0 = 1, 278, 280 
  prov0 = 1 is true on N but is not a PA theorem, 278, 280 
 second proof makes no use of the fact that prov[y] is a provability predicate, 280 
Second-Order Arithmetic ThAW(N2), xv, 263–65, 271 
 Axioms of, 261, 263–64 
  are the axioms PA2 of Second-Order Peano Arithmetic Th(PA2), 264, 268–70 
 is finitely axiomatizable, xv, 263–64 
  PA2 is a finite set of axioms, 260, 264, 266, 268–71 
 is the set of all AW sentences that are true on N2, 263–64 
 Th(PA2) = ThAW(N2), 263–64, 271 
Second-Order Peano Arithmetic Th(PA2), xv, 260, 263–64, 266, 269, 271 
 The axioms of (PA2), 260–61, 263–71 
  The conjunction of (C), 266–68 
   N2 is a model of PA2, 260–61, 264, 266, 268–69 
   N2 is a model of C, 266–67 
  are those of PA, except that IS is replaced with a single axiom IA, 260–61, 267 
   ‘IA’ stands for “the Induction Axiom,” 260, 267 
 IA: (Z)(Z0((v)(ZvZsv)(y)Zy), 260, 267 
 IA is a formalization of the Principle of Mathematical Induction (PMI), 260 
  the meaning of IA on PL2 interpretations, 260 
 is identical with Second-Order Arithmetic, ThAW(N2), 263–64, 271 
 PA2 is the set of axioms for Second-Order Arithmetic ThAW(N2), 263–64, 271 
  PA2 is finite, 260, 264, 266, 268–71 
 is the PL2 theory that consists of all the AW logical consequences of PA2, 260, 271 
  there are logical consequences of PA2 that are not derivable from PA2, 265 
   every model of PA2 is elementarily equivalent to N2 with respect to AW, 263–64 
   every model of PA2 is isomorphic to N2 with respect to AW, 260–61, 263–64, 269 
  PA2 is categorical, 260 
   Th(PA2) is categorical too, 260–62 
  PA2 defines precisely what is meant by “the structure of the natural numbers,” 262–63 
  it is the pattern exhibited by the constituents of any model isomorphic to N2, 262–63 
   this is not true for Th(PA) or even ThAV(N), 263 
    all of these theories have nonstandard models, 263 
    nonstandard models are very different structurally from the standard model, 263 
  philosophically it is important to define the structure of the natural numbers, 263 
  structuralism is a school of philosophy that posits the existence of mathematical structures, 

263 
 Second-Order Arithmetic ThAW(N2) is finitely axiomatizable, 263–64  
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 second-order standard interpretation of arithmetic N2, 260–64, 266, 268 
  is a model of PA2, 260, 264, 266, 268 
  is identical with N, except that N2 allows for quantifications over the subsets of ℕ, 260 
 is semantically complete, 263–64, 271 
  for every AW sentence X, either Th(PA2) |= X or Th(PA2) |= X, 263–65, 271 
  semantical completeness of Th(PA2) does not yield proof-theoretic completeness, 265 
  the semantical powers of PA2 are much more extensive than those of PA, 265 
  the semantical powers of PA2 do not correspond to equivalent proof-theoretic powers, 265 
 Standard model of (N2), 266, 269 
  is the second-order structure of the natural numbers (N2), 266–67 
 The vocabulary of, 260–61, 263–64, 266, 271 
  is denoted as AW, and is the standard arithmetical vocabulary AV with the addition of 

second-order variables, 260–61, 263 
   AW sentences, 263–64, 266, 271 
Second-Order Predicate Logic PL2, xi, xv, 44–45, 87, 257–61, 263, 265–72, 281 
 Finite proof theory of, xi, xv, 42, 44, 139, 154–55, 164, 181, 187, 236, 248–49, 265–68 
  The Compactness Theorem follows from the supposition that there is a sound and complete, 

xi, xiv, 164, 186–87, 265–66, 268 
  is one whose derivations are finite sequences of sentences, 265 
  PL2 is an incomplete logical system, 44, 263, 265, 270–72 
   the Compactness Theorem fails for PL2, 265–68 
   this entails that there are a PL2 set  and a PL2 sentence X such that X logically follows from 

 but not from any finite subset of , 266–68 
   hence, PL2 cannot have a sound and complete finite proof theory, 87, 265, 268 
    any sound deduction system for PL2 is incomplete, 263 
 Infinite proof theory of, 268–72 
  allows for infinite derivations, 268–70 
  if infinite proofs are allowed, could PL2 have a sound and complete proof theory? 268 
   a formal derivation represents demonstrative proof, 42, 44, 268 
   “verifiability” is an essential feature of demonstrative proof, 268 
  how can infinite proofs be verified? 268 
  the -rule of inference, 269–70, 281 
   its antecedents are the 7 PA2 axioms and all PL2 sentences of the form X[sk0] where k is any 

natural number, 269–70 
   its conclusion is a single sentence of the form (z)X, 269 
   There is an effective decision procedure for determining the applicability of, 270 
    must be applied fully within an open block, 269 
   is truth-preserving, 269 
  three conditions for, 270 
   (1) a decidable set of premises yields an effectively enumerable set of derivations, 270–71 
   (2) there is an effective decision procedure for identifying the conclusions of these 

derivations, 270–71 
   (3) the set of PL2 rules of inference is sound, 270–71 
   a relation of derivability that meets all these conditions is still incomplete, 270–71 
    PL2 is incomplete even if its proof theory allows for infinite derivations, 270–72 
 Logical consequence in (see also logical consequence), 44, 263–65, 268 
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  is defined in the standard way:  |=2 X iff X is true on every model of  that is relevant to X, 
265 

  is not equivalent to derivability, 263 
  is not formalizable, 44 
  hence, PL2 is not a formal system, 44 
 Proof of the incompleteness of PL2 infinite proof theory, 268–72  
  by the conditions of infinite proof theory, the collection of all PA2 proofs are effectively 

enumerable, 271 
  by the conditions of infinite proof theory, there is an effective decision procedure for 

identifying the conclusions of these PA2 proofs, 271 
  by the conditions of infinite proof theory, the relation of derivability in PL2 is sound, 271 
  an effective decision procedure for determining whether any AV sentence is a logical 

consequence of PA2 or not, 271 
  Th(PA2) = ThAW(N2), 263–64, 271 
  Th(PA2) is semantically complete, 263–64, 271 
 second-order argument, 257–59 
  Valid, 259 
 second-order predicate, 257–58 
  applies to second-order variables and to first-order predicates, 257–58 
 second-order predication, 257–59 
  is predication over first-order predicates, 257–58  
 second-order quantification, 257–60 
  is quantification over properties and relations, 257, 259 
 second-order quantifier, 257–58 
  applies to a variable that occupies a predicate-place, 258 
 second-order sentence, 257–59, 263 
  may involve second-order quantification or predication, 258 
 second-order variable, 258–59, 261 
  ranges over properties and relations, 258 
 Semantics of, 259 
  PL semantics must be modified to accommodate second-order quantification and 

predication, 258–59 
 semantics of second-order quantification over properties, 259 
 Sound rules of inference in, 44, 265, 270 
  cannot be complete, xv, 44, 87, 263, 265, 268, 270, 272 
 Syntax of, 258–59 
  PL syntax must be modified to accommodate second-order quantifiers and predicates, 258–59 
 a PL2 theory is a PL2 set that consists of all its logical consequences that are composed of its 

vocabulary, 263 
  in PL2 “its theorems” cannot be substituted for “its logical consequences,” 263  
Semantical assignments (SA), 11, 14–16, 25, 45, 47, 161–62, 164, 166 
 of the structure of the natural numbers N, 224 
Semantical concepts, xii, 88, 223, 263–64 
 are equivalent in PL to their proof-theoretic counterparts, 223 
 Th(PA2) is semantically complete, 263–64, 271 
  this implies: for every AW sentence X, either Th(PA2) |= X or Th(PA2) |= X, 263–64, 271 
  PA2 has semantical powers that are much more extensive than those of PA, 265 
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  those semantical powers do not correspond to equivalent proof-theoretic powers, 265 
  semantically closed PL set, 149, 169–70, 172, 263–64 
   contains all its logical consequences, 149, 170, 172, 174, 223, 263, 281 
   contains all valid sentences, 170 
Semantically consistent set. See satisfiable set. 
Semantically inconsistent set. See unsatisfiable set. 
Semantics, xi-xiv, 10, 14–15, 21, 43, 60, 43, 87–89, 94, 115, 181, 252, 258–59 
 of PL, xi-xii, xiv, 10, 15, 21, 43, 60, 94, 115, 181, 252, 258 
  is extensional, 15, 23, 74, 259 
 Truth-functional, 89 
  of connectives and quantifiers at the meta-level, 89 
Semidecidable relation, 208, 217 
 is equivalent to recursively enumerable relation, 217 
 R is a semidecidable relation iff it is a semidecidable set, 208 
Semidecidable set, 173–74, 189, 205–08, 217, 248–49, 255–56 
 is equivalent to effectively enumerable set, 173, 206–08 
 is equivalent to recursively enumerable set, 208, 217 
 if K  ℕn, the listing function of K is a partial function K that assigns 1 to every mሬሬሬ⃑   K, and is 

undefined otherwise, 205–06 
  K is computable iff there is only an effective Yes-procedure for determining membership in 

K, 206 
  K is computable iff there is a Turing machine TK that computes K, 207 
  TK might halt, or might not halt, 207 
  when TK halts, the output is 1, 207 
 K is semidecidable iff there is a computable numerical function F such that ran(F) = K, 207 
 K is semidecidable iff its listing function is computable, 206–07 
 the membership in a semidecidable set is determined only by an effective Yes-procedure, 173–

74, 255–56 
 Th() is, 174, 255–56 
 Th(PA) is, 248–49 
SENT, 234–35 
 is the arithmetical analogue of the set of all AV sentences, 234 
 an AV sentence is an AV formula that contains no free variables, 234 
  SENT  FORM, 234 
 consists of the gödel numbers of all AV sentences, 234 
 Construction of, 234 
 is a recursive set, 234 
 is represented in Th(PA) by an AV formula sent[x], 234–35 
Sentence(s), 3, 7–12, 14–16, 20, 22–23, 25–27, 35–36, 41–45, 49–50, 52, 55–58, 60–61, 64, 81, 83, 88, 

92–94, 109–10, 113, 115, 120–22, 126–27, 135–45, 148–50, 152, 165, 169, 174, 177–78, 180–81, 236, 
280 

 Assertion made by, 30 
 Atomic, 23, 136, 158–59, 164, 184 
  Truth conditions of (see also truth conditions), 23, 136, 158, 163 
 AV, 223, 227, 234–36, 239–40, 242, 244, 248–50, 252, 257, 264–65, 271–72, 274–76, 278, 282, 286 
  Set of all, 255, 282 
   is decidable, 255 
  True, 249–50, 264 
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 AW, 263–64, 266, 271 
 Bivalent, 12 
 Components of, 59, 109, 183 
  Atomic, 109 
  Immediate, 109, 113 
 composed of Voc(), 169–70, 172, 223, 241–42, 245–47, 263, 281–82 
 Compound, 23–24, 109–10, 113–14, 136, 159 
  Truth conditions of (see also truth conditions), 23 
 Declarative, 1–2, 12, 92, 251 
 its expansion in terms of a set of connectives, 110 
 is a finite string of symbols, 150, 190 
 Main connective of, 113–14 
  can be expanded in terms of {, }, 113 
 Meaning of, 30, 87 
 Natural reading of, 14, 15, 19–20, 137 
 Non-bivalent, 12 
 PL2, 265–66, 268–71 
 Quantifier-free, 92–93, 124, 127, 190 
  that contains no function symbols, 114 
 Sentential components of, 92–93 
 Set of, 14, 16, 20, 28, 39–40, 41–44, 64, 66, 83, 88, 122, 139, 144, 147–52, 155–57, 167, 171, 180–81, 

184 
  composed of Voc() is decidable, 174 
  Finite, 178 
 Set of all PL (SentPL), 149–50, 247 
  that are composed of Voc() is decidable, 247 
  is countably infinite, 150 
  is an extension of every PL set, 150 
  is inconsistent, 149 
  is trivially maximal and deductively and semantically closed, 149 
 Single PL, 178 
  whose models are all infinite, 178 
 Symbolic, 42 
 Truth conditions of (see also truth conditions), 22, 30, 32, 34–35, 37, 87, 93, 110, 113–14, 152 
 V, 170–72, 174–76, 187–88 
  set of all V sentences is decidable, 175 
 Well-formed, 126 
Sentence letters, 190–91 
 their basic numerical codes are the prime numbers after 7, 191 
Sentence Logic SL, xi-xii, 190 
 arithmetization of SL “sentencehood,” 191–92 
 Basic vocabulary of, 190 
  Basic numerical codes of, 191 
  contains infinitely many sentence letters, 190  
  contains two connectives  and , 190 
  The prime numbers are the numerical codes of, 190–91  
 Compound sentence of, 191 
  its numerical code is a composite number, 191 
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 Expressions of, 191–92 
  Powers of primes numbers are the numerical codes of, 191 
  Ungrammatical, 191 
 Formation rules of, 190 
  SentSL is the set of all SL sentences, 190, 192 
   every sentence letter  SentSL, 190 
   if X and Y  SentSL, so do X and (XY), 190 
    there are no further members in SentSL, 190 
 Sentence(s) of (X), 190–92 
  Any finite string of SL symbols can be determined effectively whether it is, 190 
  Grammatical expressions that form, 192 
  Numerical code of ([X]), 191–92 
  are quantifier-free, 190 
  Set of all (SentSL), 190, 192 
   is decidable, 190, 192 
  Set of all numerical codes of (SENTSL), 192 
   is decidable, 192 
   is numerical counterpart of SentSL, 192 
 Sentence letters of, 190–91 
  their basic numerical codes are the prime numbers after 7, 191 
 Symbols of, 190–91 
  Prime numbers are the placeholders for, 191 
Sentential connective(s), 5, 10, 24, 62–63, 88, 92–93, 108–10, 114, 126–27, 135, 148, 159, 177, 182–83, 

190, 223, 229, 235 
 Binary, 5, 8, 63, 108–13, 115, 229 
  Prefixes of, 113 
  There are 16 truth-functional, 109 
  Truth conditions of (see also truth conditions), 110, 113 
 Constant, 113 
 are expressible in terms of a set of connectives, 110 
 Expressively complete sets of, 108–10, 113 
  express all unary and binary truth-functional connectives, 109 
  include {, }, {}, {}, {, }, 113–15, 124 
  that are single-membered are only {} and {}, 114 
 Natural-language, 109 
  include ‘neither-nor’ (NOR) and ‘not both’ (NAND), 109, 111 
 Set of, 109–10 
  Expansion of a sentence in terms of, 122 
 Traditional set of, 109 
 Truth-functional, 24, 108–10, 113–14 
  Truth conditions of (see also truth conditions), 110, 113 
 Unary, 5, 8, 109–10, 113, 115, 190 
  There are 4 truth-functional, 109 
  Truth conditions of (see also truth conditions), 110, 113 
Sequence(s) (also, list), 12, 25, 30, 40–43, 76, 88, 104–05, 150–52, 154–55, 164, 173–74, 187, 190, 195, 
204, 228, 235–36, 248, 252, 255, 261–62, 265–66, 270–71, 275, 288 
 of AV sentences, 235–26, 248–49, 275 
 of consistent PL sets, 151 
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 Finite, 12, 40–43, 76, 88–89, 139, 154–55, 164, 173, 187, 190, 195, 204, 235–36, 248–49, 252, 255, 
265–66, 275 

  of AV sentences, 235–36, 248–49, 275 
  of deterministic steps,  40–41, 173, 190, 204, 271 
  Formal derivations are, 42–43, 88, 139, 155, 187, 236, 248–49, 265–66 
  of sentences, 42–43, 88, 139, 154, 164, 187, 235–36, 248–49, 252, 255, 265–66, 275 
 Infinite, 104–06, 150–52, 154, 174, 206, 228, 261–62, 270–71, 288 
  of individuals, 261–62, 269 
  of names, 154 
  PL2 derivations might be, 270–71 
  of sentences, 150, 154, 165, 266, 268, 270 
 of objects, 76, 151 
 of PL sets, 151–52 
 of prime numbers, 235 
 of sentences, 42–43, 88, 139, 150, 154, 164, 174, 187, 235–36, 248–49, 252, 255, 265–66, 270 
Set(s), xi-xii, xiv, 12, 21–22, 38–41, 45, 88–89, 94–98, 101–05, 124–25, 144, 149–50, 152–53, 162, 169, 

173, 176–79, 189, 206, 208, 217, 223, 230–32, 286 
 Cardinality of (see also cardinalities; card(A)), 21, 101, 103–05 
  is the number of a set’s elements, 101 
 are collections of objects, 94 
 can consist of sets, 94 
 Consistent. See consistent set. 
 Countable, 21, 103, 108, 182 
  The union of two countable sets is, 108 
 Countably infinite, 22, 103, 107–08, 124, 148, 150, 154, 176–78, 288–89 
  its cardinality is 0, 103, 106 
 are determined solely by their members (see also Principle of Extensionality), 95 
 Elements of, 94–96, 99–105, 124, 128–29, 162–63 
 Empty. See empty set. 
 Finite, xiv, 21–22, 41, 101–02, 125, 155–56, 173, 178, 252, 255, 264, 266, 278, 286 
  its cardinality is a natural number, 101, 131 
 Identity condition for, 95 
 Inconsistent. See inconsistent set. 
 Inductive. See inductive set. 
 Infinite, xii, xiv, 19, 21, 74, 76, 90, 94, 101–04, 106–07, 124, 177–78, 252 
  its cardinality is ≥ 0, 101 
  is definable in PL, xii, 65, 74–76, 178 
 Members of, 10, 19–23, 39–41, 94–97, 99, 101, 103, 125, 133, 156–57, 159, 173, 189, 206, 230 
 Nonempty. See nonempty set. 
 can be objects, 94 
 Order and repetition are irrelevant for the identity of, 95 
 that are representable in Th(PA), 230–31, 233–34, 250, 281, 288 
 Satisfiable. See satisfiable set. 
 Size of, 101, 182 
 Transfinite, 103 
 Transitive. See transitive set. 
 Uncountable, xii, 21–22, 28–29, 103, 105–06, 126, 178–79, 182 
  its cardinality is greater than 0, 103 
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 Universal, 97–98 
  contains everything, 97–98 
  contains itself, 97 
  does not exist, 98 
  ZFC does not allow for the existence of, 97 
 Unsatisfiable. See unsatisfiable set. 
Set theory, xi, xiv, 89, 94–95, 97–98, 101–02, 172, 178–79, 230 
 Infinite set of axioms of, 94, 172 
 is the modern foundation of almost all of mathematics, 94 
 Set of standard axioms of, 178–79 
  has two models J and M that are elementarily equivalent but not isomorphic, 179 
   J is an uncountable model, 179 
   ThV(J) has a countable model M, 179 
   ThV(J) is a satisfiable complete theory, 179 
 Standard, 95 
  Language of, 178 
   is countable, 178–79 
Sheffer Stroke (, |), 111, 113–14 
 Expansions in terms of, 114 
 Truth table for, 111 
Simplification (rule of inference; Simp), 52, 59, 61–62, 241, 279, 287 
 is sound, 61 
 Soundness of, 59 
 is truth-preserving, 61 
Single quotation marks, 2, 232 
 The convention of dropping, 2, 232 
  the context distinguishes between using and mentioning an expression, 232 
 enclose object-language expressions to create metalinguistic names, 2, 232 
Singleton of an object {x}, 95, 104, 124, 128 
 in standard set theory no object is identical with its singleton, 95 
 is unique, 95 
Skolem, Thoralf, 177 
Skolem’s Paradox, 178 
 all the one-to-one correspondences between UD of M and ℕ are not represented in M, 179 
 involves two perspectives, 178 
  the first perspective is from within the model M, 179 
   according to this perspective, there is no one-to-one correspondence between UD of M and 

ℕ, 179 
   according to this perspective, there is a set in M that cannot be enumerated, 179 
  the second perspective is from outside the model M, 179 
   according to this perspective, there is a one-to-one correspondence between UD of M and 

ℕ, 179 
Soundness and Completeness Theorems, xi, xiii-xiv, 44–45, 59, 88, 115, 122, 139, 149, 164, 169–70, 

254 
 Corollaries of, xii-xiv, 45, 88, 164, 170 
 entail that deductive and semantical closures are equivalent, 149, 169 
Soundness Theorem, xi, xiii-xiv, 43–45, 59, 63, 88–89, 115, 122, 139, 144, 149, 164, 169–70, 180, 223, 

254 
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 asserts: every satisfiable PL set is consistent, 177, 180, 185, 226, 254, 280, 288 
 asserts: if X is derivable from , it is a logical consequence of , 43–44, 139, 170–71 
 offers complete semantical justification for NDS and GDS rules, 63, 89 
 Proof of, 89, 115, 122, 139–44, 180 
Standard arithmetical vocabulary AV (see also Peano Arithmetic Th(PA)), 223–24, 227–28, 231–32, 

243, 245, 249, 260, 271–72, 281–83, 285–86 
 Second-order (AW), 260, 264–65, 271 
  consists of AV with the addition of infinitely many second-order variables, 260 
Standard Deduction System (see also Gentzen Deduction System), xiv, 61–62, 115 
Standard interpretation of arithmetic N (see also structure of the natural numbers), 90, 224–27, 231, 

237, 241, 243–44, 250, 254, 260, 262–63, 280–83, 288–89 
 is not a model of any AV theory  that is -inconsistent, 281, 286 
   |– H[n] for each n, and  |– (x)H[x], 286 
  H[n] for each n and (x)H[x]  , 286 
  if N is a model of , H[n] is false on N for each n, and (x)H[x] is true on N, 286 
  for a name t, H[t] is true on N, 286 
  the referent of t on N is a number k, 286 
   hence, H[k] is true on N, which yields a contradiction, 286 
   therefore, N is not a model of , 286 
 there is an -consistent extension of Th(RA) of which N is not a model, 282 
 Second-order (N2), 260–64, 266, 268–69 
  All models of PA2 are isomorphic to, 260–62, 269 
   all these models exhibit the same structure, 262 
  PA2 defines the standard interpretation of arithmetic, 263 
Standard rules of inference (see also GDS rules of inference), 61–62 
Statement, 44, 60, 89, 91, 94, 144, 148, 157, 175, 204, 230, 240, 242, 252, 268, 273–74, 276, 278, 282 
 Arithmetical, 89–91, 94, 227, 249–50, 265 
 “Hereditary,” 91 
 Identity, 136, 140, 161, 163 
Structuralism, 263 
Structure, 43, 90, 176, 224, 262–63, 266–67 
Structure of the natural numbers N, 90, 224–29, 231–32, 237, 241, 243–45, 250, 254, 260, 263, 266–

67, 280–83, 286–89 
 The consistency sentence prov0 = 1 is true on, 280 
  it is not a theorem of PA, 278–80 
 FORM is the arithmetical analogue of the set of all AV formulas, 234 
 FORM consists of the gödel numbers of all AV formulas, 234 
  the construction of FORM, 234 
 FORM is a recursive set, 234 
 FORM is represented in Th(PA) by an AV formula form[x], 234 
 The Gödel Sentence GPA is true on, 227, 243–45, 280 
  it is not a  theorem of PA, 227, 242–45, 276, 280, 285 
 it is incorrect to define Sn as (n+1), 225 
  addition is defined in terms of the successor function, 225 
  Ax3 and Ax4 represent a recursive definition of addition, 225 
  Ax5 and Ax6 offer a recursive definition of multiplication, 225 
  successor is a primitive notion, 225 
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 is the intended interpretation of PA, 224–27, 237, 241, 243–44, 250, 254, 260, 263, 280–83, 288–89 
 List of names of (LN), 224, 244, 286 
  consists of 0, c1, c2, …, cn, …, 224 
 can mirror a large portion of Th(PA) metatheory (see also arithmetization of Th(PA) metatheory), 

231–32, 235 
 is not a model of any AV theory  that is -inconsistent, 281, 286 
   |– H[n] for each n and  |– (x)H[x], 286 
  H[n] for each n and (x)H[x]  , 286 
  if N is a model of , H[n] is false on N for each n and (x)H[x] is true on N, 286 
  for a name t, H[t] is true on N, 286 
  the referent of t on N is a number k, 286 
   hence, H[k] is true on N, which yields a contradiction, 286 
   therefore, N is not a model of , 286 
 there is an -consistent extension of Th(RA) of which N is not a model, 282 
 the referent of the AV numeral sk0 on N is the natural number k (see also representability in 

Peano Arithmetic), 228–29, 266, 268, 286, 288–89 
 representing the syntax of Th(PA) within Th(PA) via a 2-stage process, 231–34 
  1st stage is arithmetizing the syntax of Th(PA) into N, 231–32, 234 
  2nd stage is representing arithmetical analogues of AV categories into Th(PA), 231, 233–34 
  through this 2-stage process Th(PA) is made to “speak” about itself, 232, 234–35 
   example of this phenomenon, 235 
 Second-order, 260–64, 266, 268–69 
  All models of PA2 are isomorphic to, 260–62, 269 
  since PA2 is satisfiable and categorical, it defines the structure exhibited by its models, 262–63 
   hence, PA2 defines the structure of the natural numbers, 262–63 
 Semantical assignments of (SA), 224 
  N(0): 0; N(c1):1; N(c2): 2; N(cn): n, 224 
  N(sx): the successor of x: S(x), 224, 229 
  N(+xy): the sum of x and y: (x + y), 224 
  N(xy): the product of x and y: (x  y), 224 
 SENT is the arithmetical analogue of the set of all AV sentences, 234–35 
  an AV sentence is an AV formula that contains no free variables, 234 
   SENT  FORM, 234 
 SENT consists of the gödel numbers of all AV sentences, 234 
  the construction of SENT, 234 
 SENT is a recursive set, 234 
 SENT is represented in Th(PA) by an AV formula sent[x], 234–35 
 is the standard interpretation of arithmetic, 224–25, 227, 241, 243, 250, 254, 260, 262–63, 266, 269, 

280–83, 288–89 
 a substantive supposition is that N is a model of PA, 225–26, 237, 241, 243–44, 260, 263, 255, 268, 

276, 280  
 the supposition is intuitively justified, 226 
  the Induction Schema (IS) is the reason for this supposition being substantive, 226  
  the interpretations of all IS instances cannot be known, 226 
 the supposition is supported by the fact that the logic of IS is that of PMI, 226 
  an interpretation of X[z] is a metalinguistic formula , 226 
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  if  is true of 0, and true of Sk whenever it is true of k, by PMI,  is true of all natural 
numbers, 226 

  the truth of all IS instances on N is justified by the validity of IPM, 226 
   therefore, N is a model of PA, 225–26, 237, 241, 243–44, 260, 280 
   N is a model of Th(PA), 226, 245 
   Th(PA) is consistent, 226 
    the interpretations of PA axioms on N support the substantive supposition, 225–26 
     Ax1: Zero is not the successor of any natural number, 225 
     Ax2: Any two natural numbers that have the same successor are identical, 225 
     Ax3: For any natural number n, (n + 0) = n, 225 
     Ax4: For all natural numbers n and m, (n + Sm) = S(n + m), 225 
     Ax5: For every natural number n, (n  0) = 0, 225 
     Ax6: For all natural numbers n and m, (n  Sm) = ((n  m) + n), 225 
     Ax6 invokes the distributive property of multiplication, 225 
 Th(PA) metatheory is encoded in (see also arithmetization of Th(PA) metatheory), 231–32, 235 
 ThAV(N) consists of all AV sentences that are true on N, 227, 243, 245, 249–50, 263, 271–72, 282–

83 
  ThAV(N) is a complete and consistent PL theory, 227, 245, 249–50 
   a consistent extension of Th(PA) is a consistent AV theory that includes Th(PA), 227, 248 
  ThAV(N) is a consistent extension of Th(PA), 227, 243, 245, 248, 250, 280 
   every consistent extension of Th(PA) is undecidable, 227, 248 
 ThAV(N) is undecidable, 227, 248 
 ThAV(N) is undecidable and complete; thus, it is not axiomatizable, 227, 249 
  ThAV(N) is not 0-categorical, 243, 289 
   the substantive supposition entails Th(PA)  ThAV(N), 227, 243, 245, 250, 280 
 Universe of discourse of (UD), 224 
  is ℕ, 224 
Subblock(s), 51–52, 139–41 
Subderivation, 51, 147 
Subformula, 8, 118–19, 121, 234 
 Proper, 8 
Subject-predicate sentence (Pnt1t2…tn), 136, 164 
Subscripts, 1, 6, 28–29 
 Numeric, 1, 5–6, 155 
Subset(s) (), 21, 29, 90, 95–96, 98–100, 102–04, 106–08, 113, 125–26, 130–34, 139–41, 143, 145, 150–

52, 155, 157, 162–67, 173, 177–79, 182, 184, 186, 188, 203, 205–06, 208 
 A chain ordered by, 152 
 the empty set is a subset of every set, 95 
 every set is a subset of itself, 95 
 Finite, 21, 103–04, 139, 152, 155, 164–67, 182, 184, 186, 188, 240–41, 265–68, 288 
 Nonempty, 90, 96, 125–26, 131, 133–34, 155, 163, 177, 186 
 Proper (), 95, 102–03, 106, 108, 134, 140, 150, 185, 203, 213, 227, 234 
Substitution, xiii, 3–4, 11, 14, 19–21, 23, 25–32, 35–38, 40, 71–72, 88, 122, 132, 135–36, 142–43, 153–
57, 160–61, 183, 239, 244, 251, 259, 286 
Substitution (rule of inference; Sub), 57, 62, 105, 115–16, 143, 163–64 
 Antecedents of, 143 
  are sentences of the forms s = t and Y[s], 143 
 Conclusion of, 143 
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  is a sentence of the form Y[s, t], 143 
 consists of two parts, 143 
Subtraction, 91, 96, 189–90, 218–19 
 function, 189, 218–19 
  Partial (Sub), 189, 218, 219 
   Sub(n, m) = n–m if n ≥ m, and Sub(n, m) =  if n < m, 218, 219 
   Diagram of a Turing machine TSub that computes, 218 
   instruction set of TSub, 218 
   Turing machine algorithm for computing, 218 
  Total (G), 218 
   G(n, m) = n–m if n ≥ m, and G(n, m) = m–n if n < m, 218 
   Diagram of a Turing machine TG that computes, 218 
   Instruction set of TG, 218 
   Turing machine algorithm for computing, 218 
Successor, 19, 71, 90–92, 94, 127, 194, 199, 213–16, 224–25, 228–29, 261 
 function Sn, 90, 194, 199, 213–14, 216, 224, 229 
  Argument of, 90, 194, 213, 228 
  is a basic recursive function, 213, 216 
  is the interpretation of s on N, 24, 229 
  TS is a Turing machine that computes, 194–95, 199 
  Value of, 90, 194, 213, 228 
 of a set A (SA), 124–25, 129–31 
 the successor set Sn denotes exactly one set, 129 
Sum, 4, 12–13, 90, 99–100, 189, 200, 215–16, 218–19, 222, 224 
 function Sum(d, k), 215–16, 218–19, 222 
Superscripts, 1, 2, 3, 6, 10, 259 
 The convention of dropping, 6 
 Numeric, 1, 2, 6 
Symbol(s), xi, xiii, 1–3, 5, 7, 12, 19, 23, 28, 46, 62–63, 88, 90, 106, 108–12, 115, 123, 148, 168, 187, 191–

93, 224, 232, 260–61, 277 
 Basic Turing machine, 193, 209–10, 228 
  Basic codes associated with, 209–10 
  are ‘0’, ‘1’, R, L, qn, qe, 193, 209–10 
 for the set of all valid sentences is Th(), 174 
 Metalinguistic, 7, 88, 108–09, 228 
 PL, 150, 174 
  are countably infinite, 148, 150, 177–78, 182 
  String of, 150, 174, 191 
 SL, 190–92 
 Standard, 90, 110–12, 283 
Symbolic logic, xi-xii, xv, 42, 87 
Symbolic system, xi-xii, 1, 23, 42–44, 61, 63, 74, 87–88, 126, 164–65, 174, 181, 186, 259, 265 
Syntactical categories, xii-xiii, 1, 2, 5–8, 88, 233–34 
Syntactical structure, 43 
 of a sentence, 43 
Syntactically identical, 143 
Syntax, xi-xiii, 1, 8, 10, 87, 94, 108, 115, 181, 232–35, 258 
 of PL, xi-xiii, 1, 8, 94, 108, 115, 181, 258 
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 representing the syntax of Th(PA) within Th(PA) via a 2-stage process, 232, 234–35 
  1st stage is arithmetizing the syntax of Th(PA) into N, 234 
  2nd stage is representing arithmetical analogues of AV categories into Th(PA), 234 
  through this 2-stage process Th(PA) is made to “speak” about itself, 234–35 
   example of this phenomenon, 235 
Systems of non-classical logic, 61, 63, 174 
Tarski, Alfred, xv, 251–52, 282 
Tarskian Schema, 251 
 is the collection of all instances of the biconditional form “x is true iff S” where ‘S’ is to be 

replaced by a declarative sentence and ‘x’ by a name of S, 251 
 may entail a contradictory biconditional if it is not restricted, 251 
 can generate a contradictory biconditional by being instantiated for a Liar Sentence , 251 
 a Liar Sentence  is any sentence that asserts of itself that it is not true, 251–52 
  the contradictory biconditional is “ is true iff  is not true,” 251 
  the laws of classical logic must hold, 251 
  the Liar Paradox, 251 
 Tarski’s solution to the paradox is to restrict the scope of, 251 
  that is, to prevent the sentences of the language from talking about their own truth, 251 
Tarski’s Indefinability Theorem (first version), xi, xiv, xv, 251–52, 286 
 any formula true[x] defines arithmetical truth in Peano Arithmetic only if it satisfies TS: for 

every AV sentence X, PA |– true[k]X, where k = [X], 250–51 
 an arithmetical truth is any AV sentence that is true on N, 250–52 
 asserts in general that the notion of arithmetical truth is not definable in Peano Arithmetic, 252 
  one version states that there can be no formula true[x] that satisfies TS if PA is consistent, 252 
   there is another version of this theorem, 252, 282 
 Convention-T, 251 
  asserts that any adequate definition of truth must entail all instances of the Tarskian Schema, 

251 
 Tarskian Schema, 251 
  is the collection of all instances of the biconditional form “x is true iff S” where ‘S’ is to be 

replaced by a declarative sentence and ‘x’ by a name of S, 251 
   an adequate definition of truth may entail a contradictory biconditional, if the Tarskian 

Schema is not restricted, 251 
  can generate a contradictory biconditional by being instantiated for a Liar Sentence , 251 
  a Liar Sentence  is any sentence that asserts of itself that it is not true, 251–52 
   the contradictory biconditional is “ is true iff  is not true,” 251 
   the laws of classical logic must hold, 251 
   the Liar Paradox, 251 
  Tarski’s solution to the paradox is to restrict the scope of, 251 
   that is, to prevent the sentences of the language from talking about their own truth, 251 
 truth, 43–45, 59–61, 88–89, 108–10, 113, 157, 159, 161, 163–64, 250–52, 269, 273, 282 
  Definition of, 251–52 
   Adequate, 251 
Tarski’s Indefinability Theorem (second version), xi, xiv,-xv, 252, 282, 287–88 
 asserts that #ThAV(N) is not arithmetically definable, 282 
  #ThAV(N) is the set of the gödel numbers of all members of ThAV(N), 282, 288 
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  ThAV(N) is the PL theory that consists of all AV sentences that are true on N, 227, 243, 245, 
249–50, 263, 271–72, 282, 289 

   N is the structure of the natural numbers, 90, 224–27, 231, 237, 243, 250, 254, 260, 263, 280–
83, 288–89 

  ThAV(N) is satisfiable; hence, it is consistent, 288 
  X  ThAV(N) iff ThAV(N) |= X, 287 
  X  ThAV(N) iff ThAV(N) |– X, 287 
  X  ThAV(N) iff X is true on N, 227, 243, 245, 249–50, 282, 287, 289 
  X is true on N iff ThAV(N) |– X, 287 
 D  ℕ is arithmetically definable iff there is an AV formula D such that for all k, k  D iff D[k] is 

true on N, 282, 288 
 D  ℕ is arithmetically definable iff there is an AV formula D such that for all k, if k  D, D[k] is 

true on N, and if k  D, D[k] is true on N, 288 
 D  ℕ is arithmetically definable iff there is an AV formula D such that for all k, if k  D, ThAV(N) 

|– D[k], and if k  D, ThAV(N) |– D[k], 288 
 D  ℕ is arithmetically definable iff D is representable in ThAV(N), 288 
  all recursive functions are representable in ThAV(N), 250, 288 
 #ThAV(N) is arithmetically definable iff it is representable in ThAV(N), 288 
 #ThAV(N) is not representable in ThAV(N), 288 
  hence, #ThAV(N) is not arithmetically definable, 288 
Tautology (sentential connective; ⊤), 110, 113–14 
 Truth table for, 110, 113 
Tenenbaum, Sergio, xvi 
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174, 177, 184, 228–29, 232–33, 235, 258, 266, 269, 286 
 AV, 228, 229, 232–33, 235, 286 
  encoding and decoding procedures for AV terms are effective, 232 
  examples of encoding and decoding AV terms, 233 
  TERM is the arithmetical analogue of the set of all, 232 
  TERM consists of the numerical codes of all, 232 
  TERM is recursive, 233 
  TERM is represented in Th(PA) by an AV formula term[x], 233 
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 Functional, 5–7, 11, 229 
 Singular, 2–7, 11, 13–14, 19–20, 22–23, 27, 56–57, 88, 120, 126, 135–36, 140, 142–43, 157–64, 177, 

184, 228–29, 258, 266, 269, 286 
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 of PA, 223, 226, 230, 237, 240, 242, 246, 248–49, 253, 268, 273, 275–78, 281–82 
 of a set of sentences, 43–45, 82, 161, 170–73, 185, 223, 226–27, 230, 237, 240, 242, 245–48, 253, 256, 

263, 268, 273, 275–78, 281–82 
Theory, xiii, 87, 94, 169–70, 172, 223, 252, 280 
 Semantical, 87 
 Syntactical, 87 
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Transitive set (A), 125, 133–35 
 is a family of sets that contains the members of its members, 125 
 an ordinal is a transitive set that is well-ordered by , 125 
Transitivity, 74–76, 90, 98, 124–25, 132–34 
 of a set, 125, 133–35 
True-on-an-interpretation, xiv, 87 
Truth, 14, 19, 22–23, 25, 30–31, 45, 59, 63, 87–89, 110, 152–53, 156–67, 159, 161, 163, 250–52, 273, 282 
 Arithmetical, 250–52, 282 
  is any AV sentence that is true on N, 250 
 Convention-T, 251 
  asserts that any adequate definition of truth must entail all the instances of the Tarskian 

Schema, 251 
 Definition of, 250–52, 282 
  Adequate, 251 
  Tarski’s, 252 
   in formalized languages (1933), 252 
 Tarskian Schema, 251 
  is the collection of all instances of the biconditional form “x is true iff S” where ‘S’ is to be 

replaced by a declarative sentence and ‘x’ by a name of S, 251 
  may entail a contradictory biconditional if it is not restricted, 251 
  can generate a contradictory biconditional by instantiating it for a Liar Sentence , 251 
  a Liar Sentence  is any sentence that asserts of itself that it is not true, 251–52 
   the contradictory biconditional is “ is true iff  is not true, 251 
   the laws of classical logic must hold, 251 
   the Liar Paradox, 251 
  Tarski’s solution to the paradox is to restrict the scope of, 251 
   that is, to prevent the sentences of the language from talking about their own truth, 251 
 Tarski’s Indefinability Theorem, xi, xiv-xv, 251–52, 282, 287–88 
  any formula true[x] defines arithmetical truth in Peano Arithmetic only if it satisfies TS: for 

every AV sentence X, PA |– true[k]X, where k = [X], 250–51 
  asserts in general that the notion of arithmetical truth is not definable in Peano Arithmetic, 

252 
  one version of the theorem states that there can be no formula true[x] that satisfies TS if PA is 

consistent, 251–52 
   there is another version of this theorem, 252, 282, 287–88 
Truth conditions, 14–15, 19–20, 22–23, 25, 30–31, 34, 37, 59–61, 63, 87–88, 110–15, 152–53, 156 
 of atomic sentence (see also sentence), 22–23 
 of biconditional (see also biconditional), 22–23, 112 
 of binary connectives (see also sentential connective), 59–60, 88, 110–13 
 of compound sentence (see also sentence), 22–23 
 of conjunction (see also conjunction), 22–23, 59, 111 
 of disjunction (see also disjunction: inclusive), 22–23, 111 
 of economical version of PL must be truncated, 115 
 of existential quantifier (see also quantifier: existential), 23, 30 
 of the identity predicate (see also identity predicate), 22 
 of material conditional (see also material conditional), 22,-23, 60–61, 112, 153 
 of negation (see also negation), 22–23, 110, 153 
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 of PL sentences (see also sentence), 15, 22, 30, 34, 37, 113–14, 152 
 of quantifiers (see also quantifier), 14, 19–20, 23, 25, 30–31, 59, 88 
 of truth-functional connectives (see also sentential connective), 59, 88, 110–13 
 of unary connectives (see also sentential connective), 59–60, 88, 110–13 
 of universal quantifier (see also quantifier: universal), 23, 30, 253, 256 
Truth table, 23–25, 60, 110, 113–14, 183, 190, 226 
Truth value(s), 15, 21–27, 31, 37, 109, 113, 126, 135–36, 142–44, 169, 183, 190 
Truth-functionality, 24, 88–89, 109–10, 113 
Truth-Membership Theorem, 157, 159, 160–61, 163–64 
 asserts that a PL+ sentence belongs to a Henkin set iff it is true on its Henkin Interpretation, 157, 

159, 161 
 an immediate consequence of it is that a Henkin Interpretation of a Henkin set is a model of it, 

157, 161 
 Modified, 163 
  holds for the modified Henkin Interpretation, 164 
  Proof of, 163–64 
   its Base Step requires a new proof, 163 
   its Inductive Step remains unchanged, 163–64 
Turing, Alan, 193, 209 
Turing computability, 193, 204–05 
Turing machine(s), xiv, 193–207, 209–13, 218–19, 222 
 Components of, 193 
  consist of the following, 193 
   infinite tape divided into squares, 193, 199, 202–03 
   instruction set, 193–96, 210–11, 218, 222 
   pointer that points at a square, 193–94 
   register that keeps the internal state, 193 
 that computes the addition function (TA), 200–03 
  the addition function A assigns to every two natural numbers their sum, 90, 189, 200 
  algorithm of TA, 200 
  diagram of TA, 201 
  input of TA (n, m), 200 
  instruction set of TA, 201 
  output of TA (n+m), 200 
 computes a computable function, 193, 204–07 
 that computes the successor function (TS), 194–95, 199 
  diagram of TS, 200 
  input of TS (n), 194–95 
  instruction set of TS, 194, 199 
  output of TS (n+1), 194–95 
  the successor function S assigns to every natural number its successor, 194 
 that computes the zero function (TZ), 197–99, 210 
  diagram of TZ, 197 
  halting position of TZ, 199 
  input of TZ (n), 197 
  instruction set of TZ, 197, 210 
  output of TZ (0), 197 
  the zero function Z assign 0 to every natural number, 197, 210 
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 Diagram of, 196–97, 200–01, 218, 221 
  consists of diagram cells connected by arrows, 196–97 
  a non-terminal diagram cell represents two instruction lines that have the same initial state, 

196–97 
  a non-terminal diagram cell has two exiting arrows, 196–97 
   they are a left-hand arrow and a right-hand arrow,  196–97 
  qe-cell has no exiting arrows, 199 
 Effective encoding and decoding system for, 209–11 
  the numerical code of a Turing machine T is [T], 209–13 
 may enter into a loop, 211–12 
 Examples of, 194–95, 197–203, 219–22 
 Halting position of, 194–96, 199, 203, 208, 210–12, 219–20 
 halts at qe with its pointer at the leftmost square of a non-zero output, 194–96, 199, 203, 212 
 Initial internal state of, 193–94, 201 
  is the initial internal state of the first line q0, 193–94, 201 
 Inputs of, 193–95, 197, 200, 206–07, 211, 219–20, 222 
  are n-tuples of natural numbers, 200, 204, 206–07, 212–13, 222 
  are represented as tallies, 193, 219, 222 
 Instruction line(s) of, 193–97, 210, 212 
  Dummy, 212, 222 
   will never be executed, 212, 222 
  begins with an initial internal state, 193, 196–97, 210 
  consists of 4 symbols, 193–96, 209–10 
   its basic symbols can be encoded into numbers, 210 
  has an input and an output, 193, 196, 210 
  instructs the machine to behave in a certain deterministic way, 195 
  terminates with a terminal internal state, 193, 195,-96, 199, 203, 210 
  Four types of, 195 
   1st type is qiX0qk, where X is 0 or 1, 195 
   2nd type is qiX1qk, where X is 0 or 1, 196 
   3rd type is qiXRqk, where X is 0 or 1, 196 
   4th type is qiXLqk, where X is 0 or 1, 196 
    “0” instructs the pointer to write ‘0’ on the square, 195 
    “1” instructs the pointer to write ‘1’ on the square, 196 
    “L” instructs the pointer to move one square to the left, 196 
    “R” instructs the pointer to move one square to the right, 196 
  no two distinct instruction lines share the first two symbols, 193 
  Numerical codes of, 210 
  only one instruction line can be executed at a time, 194 
 Instruction set of, 193–95, 197, 199–200, 205, 209–12, 218, 220, 222 
  consists of an even number of instruction lines, 193, 195 
  a Turing machine is encoded by encoding its instruction set, 210 
  uniquely defines the Turing machine, 193, 209 
 Internal state(s) of, 193–203, 210–12 
  may change or not, 194–96, 198–99, 201–03, 211–12 
  that is not qe initiates two instruction lines for the inputs 0 and 1, 194, 196 
  The set of all, 193 
   consists of the initial and terminal internal states of all instruction lines, 193 
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 on ℕn takes m1,…,mn as input and produces at most one natural number as output, 204 
  if a Turing machine T generates no output for m1,…,mn, we say T(m1,…, mn) is undefined 

and write T(m1,…, mn) =  (T does not halt), 204 
  if a Turing machine T generates an output for m1,…,mn, we say T(m1,…, mn) is defined and 

write T(m1,…, mn) =  (T halts), 204 
 if a Turing machine T does not halt, its output is undefined, 194 
 Outputs of, 193–95, 196, 200–01, 204, 206–07, 211–13, 219–20, 222 
  are single natural numbers, 193, 204, 206–07, 222 
   are represented as tallies, 193 
 paradigm of computing device, 193 
 Pointer of, 193–203, 211–12 
  moves one square to the left, 195–96, 202, 212 
  moves one square to the right, 194–203, 212 
  reads the content of a square, 193–203, 211–12, 219 
  writes 1 or 0 on a square, 195–96, 220 
 starts at q0 with its pointer at the leftmost square of a non-zero input, 194, 197, 201, 211, 219 
 Terminal internal state of, 193–96, 199, 203, 209, 211–12, 220 
  is designated as qe, 193, 195–96, 199, 203, 209, 211–12 
  an instruction set that does no terminate with qe is not a valid set, 194, 211 
  a machine instructed to enter qe halts and executes no further instructions, 194–96, 199, 203 
  no instruction line begins with qe, 193 
  at least one instruction line terminates with qe, 193 
  a valid halting position requires qe, 211 
 are theoretical computing devises, 193 
  there are no limits on the size of input or output, on the length of the tape, on computational 

time, or on the size of instruction set, 193, 205 
  Turing machines are extremely powerful computing devises, 193, 205 
   every known computable function is Turing-computable, 193, 205 
Turing-computable function(s), xi, xiii-xiv, 193, 204–06, 208–09, 211, 213, 217–18, 222, 236, 247 
 are equivalent to partial recursive functions, xiii-xiv, 205, 208, 213, 217, 222, 247 
 if F is computable, there is a Turing machine TF that computes F, 206–07 
 if F is Turing-computable, it is computable by infinitely many Turing machines, 218 
 is a formal notion defined precisely, 204 
 is a partial numerical function F that can be computed by a Turing machine TF, 193, 204–06, 218 
  F’s values can be n-tuples of natural numbers, 206 
  TF does not generate n-tuples as outputs, but only single numbers, 206 
   all n-tuples of natural numbers can be encoded as single natural numbers, 206 
Twentieth century, 205, 272 
Undecidability, xi, xiv, 41, 174–75, 227, 245–48, 250, 252, 254–55, 257, 281, 285 
 for a consistent PL theory, the triad of completeness, axiomatizability, and undecidability is 

inconsistent, 175, 227, 248, 250, 285 
Undecidable set, 174–75, 227, 237, 245–48, 250, 252, 254–55, 257, 272, 281, 285 
 Arithmetic is, 227, 250 
 There are decidable sets such that the sets of all their logical consequences are, 256–57 
  PA and RA are decidable, yet Th(PA) and Th(RA) are undecidable, 257, 272 
 There is no effective decision procedure for determining membership in, 173–74, 227, 237, 256 
 Sufficient condition for a PL theory being, 245–47 
  almost all mathematical theories meet this condition, 245 
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  an example of a fairly weak theory that meets this condition, 245, 252–54 
  the set of gödel numbers of the members of a consistent PL theory  is not representable in , 

245–46 
   the diagonalization function DIAG is representable in , 246 
   the Diagonalization Lemma holds for , 246 
  if  is a consistent PL theory in which all recursive functions are representable,  is 

undecidable, 245–47 
   all recursive functions are representable in , 246 
   therefore,  is undecidable, 247 
   is a PL theory whose vocabulary includes AV: if RA is consistent,  is undecidable, 281 
 Th() is, 174, 254–56 Th(PA) is, 248 
Union of two sets (AB), 96, 108, 124–25, 129–30, 141–42, 145, 148, 150–52, 154–57, 166, 240, 266–

67, 269, 281, 284–85, 288 
 if A and B can be well-ordered, AB can be well-ordered, 125 
 consists of the members of the two sets, 96 
Universal Elimination (E), 62, 116 
 is the traditional rule Universal Instantiation (UI), 62 
Universal Generalization (rule of inference; UG), 32, 56, 62, 115–16, 142–43, 147 
 Conclusion of, 142 
  is a sentence of the form (z)Y, 142 
Universal Instantiation (rule of inference; UI), 56, 59, 62, 115–16, 142, 153, 157, 231, 242, 273, 280 
 Antecedent of, 142 
  is a sentence of the form (z)Y, 142 
 Conclusion of, 142 
  is a sentence of the form Y[t], 142 
Universal Introduction (I), 62, 116 
 is the traditional rule Universal Generalization (UG), 62 
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Universe of discourse (UD), 11–16, 18–23, 25–31, 37, 71, 74–75, 137, 142–43, 153, 158, 161–63, 167, 

177–79, 181, 184, 186, 259–61, 267 
 Countable, 21, 177–79, 283, 289 
 Countably infinite, 176–78, 289 
 Finite, 11, 21, 64, 137, 178, 181–82, 187 
 Infinite, 11, 18, 21–22, 28, 64–65, 73–74, 76, 90, 176, 178, 181–82, 185, 289 
 is nonempty, 11, 75 
 of Henkin Interpretation (H∑), 158, 161, 163, 180, 184 
 of the modified Henkin Interpretation (H∑), 162–64 
 of PL2 interpretation, 259–61, 266–68 
  consists of individuals, 259 
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  consists of infinitely many individuals, 269 
 of the structure of the natural numbers N, 224 
  is ℕ, 224 
 Uncountable, 21, 28–29, 178–79 
Unordered pair {x, y}, 95 
 is unique, 95 
Unsatisfiability, xiv, 39–42, 45, 66, 83, 144, 148, 166, 257 
 is not a decidable concept but only semidecidable, 41, 257 
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Unsatisfiable set, xiv, 39–42, 45, 66, 144, 148, 171 
 The concept of, 257 
  is not decidable but only semidecidable, 257 
 Every PL sentence is a logical consequence of, 171 
 has no model, 144, 148, 171 
Valid PL sentence(s), xiv, 34–35, 41, 45, 66, 140, 170, 173–74, 181, 185, 254, 256 
 are logical consequences of , 34, 140 
 are logical consequences of all PL sets, 140, 170 
 The set of all (Th()), 174, 254–56 
  is semidecidable, 174, 255–56 
  is undecidable (see also Church’s Undecidability Theorem), 174, 254–55 
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 The concept of, 41, 257 
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argument, 41, 257 
  is not decidable in PL but only semidecidable, 41, 257 
 is equivalent to logical consequence, 31 
Variable(s), xii, 1–10, 13, 19, 27–28, 49, 56, 58, 88, 92, 94, 120–21, 142, 145, 147–48, 177, 180, 223–24, 

226, 230, 232–34, 237–42, 246, 250, 252, 258, 260–61, 269, 272, 277, 280–83, 285–86, 288 Bound 
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 Numerical, 92, 94 
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  SL, 190–91 
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  of Peano Arithmetic, 223–24, 234, 260 
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 of the language of the metatheory, 3, 60, 88–89 
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 of a set of PL sentences Voc(), 10, 14, 28–29, 141–42, 167–70, 172, 174, 176, 180, 182, 184, 187–88, 

223, 245–47, 249, 260, 263, 266, 271, 281, 285–86 
 of a set of PL2 sentences Voc(), 262 
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